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Notation: 

N = the set of natural numbers, 
Z = the set of integers, 

Q = the set of rational numbers, 
R = the set of real numbers, 

C = the set of complex numbers. 
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Chapter 1 
Number Theory 


1.1 Divisibility of Integers 


In this section, we see some elementary properties of integers. The . 
mifer wTth properties of integers such as divisibility, greatest common divisor 
(highest common factor), least common multiple, prime and compw* ^ 
bers. In this chapter, we will give definitions and then pm s depend 

which reader quite often have used without proof. Many o p th mat : 
on two principles (i) Well Ordering Principle, and (ii) Principle of Ma 
cal Induction. We first state these two principles. 

(i) Well Ordering Principle: Any non-empty subset of non-negative integers 

ha ^ Mother word^if S is a non-empty subset of non-negative integers ^then 

thei p^cipl6^of U Madiema^al Sionl^ logical consequence of the well 
ordering principle. 

/; (a)) principle of Mathematical Induction: If a subset S of positive inte¬ 
gers contains 1, and contains n +1 whenever it contains n, then S contains all 

the positive integers. 

(ii (b)) Principle of Mathematical InducUorKStrong Form): If a subset S of 
positive integers contains 1, and contains n+1 whenever it contains 1 , 2 ,..., n, 
then S contains all the positive integers. 


Definition 1.1 An integer b is said to be divisible by a non-zero integer a if 
there is an integer x such that b = ax, and we then write a\b. In case 6 is 
not divisible by a we write a\ b. The property a\b may also be expressed by 
saying that ‘a divides 6’ or ‘a is a divisor of 6’ or ‘6 is a multiple of a’. 


Note that 5 divides 10 as 10 = 5 x 2. But 5 does not divide 13. We may 
write this as 5|10 but 5 \ 13. If an integer is divisible by 2, we say that it is 
an even integer, otherwise we say that it is an odd integer. Thus, 0, ±2, ±4 are 
even integers while il, i3, i5 are odd integers. 


1 


\ 
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Theorem 1 Let a, b , c, m, x, y be integers. 

(0 If a |6 then a| 6 c for any integer c. 

(it) If a |6 and 6 jc then a|c. 

(***) and o.\c then a\bx + cy for any integers'a: and y. 

(iv) If a/b, and 6^0 then |a| < | 6 |. 

(r) If a |6 and 6 |a then a = ±b. 

(vi) If m 5 ^ 0 then a\b if and only if ma\mb. 

Proof. 

( ) If a| 6 , then b — aq where q is an integer. Hence be = a(qc) for any 
integer c. Hence, a\bc. 

(ti) «|6 and 6 |c, (hen 4 = a? and c = bq, Where q, 9l are integers. Thus 
c — K a Q)Qi — a(qqi). Hence, ajc. 

(m) Ifa| 6 and ajc, then 6 = aq,c = a?1 for q, qi e Z. Hence, bx + cy = 
a(qx + q x y). Hence, a\bx + cy. V 

(* v ) ^ a l^* ^ 7 ^ 0 , then b = aq q jL q Hence |/>l — l„„i i n ( 

9 / 0 , \q\ > 1 , hence |a| < | 6 | 11 ~ H = WW- As 

(V> af±T n hl ~ |61 ' A|S °' 6k implieS 161 S M = | 6 |. Hence 

Theorem 2 (Division Algorithm) Given any integers a and A ■ k 

o < r < |«|. - H < randr -H 6 5, a contradiction. Hence 

6 "Z ITZtoO <T<To 9 <" d " S Tr 6 = ° 91 + r - and also 

- < l«l, 0 < r a < | 0 |. If r , ^ ^ |et rj < rj 


✓ 


r 
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Then 0 < r 2 - r, < W- »« •* -1 - «(«i " *)• " r ‘>' B “' ** 

contradicts (iv) of the theorem 1. Hence r 2 = r x and so q 2 - <?i* 

Example 1 Show that the square of any integer is of the form 4k or 8k + 1. 

Solution. By division algorithm (take a = 2) any integer b i^epresentabie as 
2q or 2, +1 If 6 = 2,, then * = V. Thus. 6* is of the If-2, + 1 

then 6 2 = + 4, + 1 = 4 q(q + 1) + 1. Since q{q + 1) ts dtv,s.ble by 2, we 

get that b 2 is of the form 8k + 1. 


Example 2 Find all integers n such that n 2 + 1 is divisible by n + 1. 
Solution. Let n be an integer such that (n + l)|n 2 4-1. Observe that n f 1 77 

(n + l)(n-l).Hence(n-l-l)|(n 2 -'l)sothat(n + l)| [(n 2 + 1) ( n 

i.e. (n + 1)|2. Hence, n + 1 = ±1, ±2. Hence, n = —3, —2,0,1. 


Definition 1.2 An integer d is called a common divisor of a and b in case d|a 
and d\b. Let a, 6 be integers, not both zero. A positive integer g is said to 
be the greatest common divisor of a and b if and only if the following two 
conditions are satisfied: (i)<?|a and g\b and (ii) if d|a and d\b then d\g. The 
greatest common divisor of a and b is denoted by gcd(a, b) or (a, b). 


In other words, if at least one of a and b is not equal to zero, the greatest 
among their common divisors is called the greatest common divisor of a and 
b. It can be shown that such an integer g is unique, if it exists. The existence 
of g is proved in the following theorem. While, uniqueness follows from the 
definition. 


Theorem 3 (Bezout’s Theorem) If a, b are any integers, not both zero, then 
gcd(a, b) exists and there exist integers rr 0 , yo such that gcd(a, b) = ax 0 + by 0 . 

Proof. Consider, S = {ax + by\x,y G Z, ax + by > 0}. 5 is non-empty 
as a 2 + b 2 G S. By well ordering principle, S has a smallest element, say g. 
Since, g G S, we can write g as g = ax o + byo. 

Now if d|a and d\b then d|aa:o + byo i.e. d\g. Secondly, suppose o. 
Then a = gq + r, 0 < r < g. Hence r = a — gq = a{ 1 — qx o) + b(—qyo) and 
r G 5. This is a contradiction since r < g and g is the smallest element of S. 
Hence, g\a. Similarly g\b. Hence by definition of gcd, we see that g is the gcd 
of a and b. 


Definition 1.3 Two integers a, b which are not both zero, are said to be rela¬ 
tively prime or coprime if (a, b) = 1. 

Thus a and 6 are coprime if and only if their only common divisors arc ±1. 
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15 are fnnri m ° C . •! , and ^ are relatively prime integers. Similarly, 8 and 

relativelvnri C ’ c if 6 and 15 “* not - An y two consecutive integers are 
p me. u er, any two consecutive odd integers are relatively prime. 

onlv if a ’ ^ * nte 8 ers » not both zero. Then a, 6 are coprime if and 

onJy if there are integers x, y such that ax + by = 1 . 

theorem thin!’ ^ integers. Then (a, 6 ) = 1. So, by the Bezout’s 

for some mt f, gers x ’ y such that ox + by = ( a , ft) = 1. Conversely, if 

dlb so that y ’ WC haVC ax + hy = 1 and (a, b) = d , then d\a and 

c«,eje“. + by) ° r d ' L 0 < ^ 1. So. d i 1 , that is. J.y are 

«+ii/for then evei>r inte8er ncanbe expressed 

!*“P rime Then by Bezoufs theorem, there exist 

n«T hT* a ‘ 1 ; + ^ HenCC » - “M + Knv) so that x = 

Ttu, y ~ nv are as required. 


Corollary 3 If d = gcd(o, 6 ), then gcd (i i\ = i. 

^ ™ en d| “ “ d d l 6 ' So “ = rd,b = sd for some integers 

sL :£°* l a . bOVe theorem there <“*integers x, y such that oi + by l d 
So rdx + sdy = d or rx + sy = 1. Hence by Corollary I, (r, s) = 1. 

a E - P - Sh0W that there no Integers a, b such that gcd(n, 6 ) = 3 and 


* ere ex Lf inte g ers «. b such *at gcd(a. 6 ) = 3 and a + 6 = 
100 . Then 3|a, 3|6. Hence, 3|a + b. But a + b = 100 and 3 f 100 . Thus we set 
a contradiction. Hence, there are no such integers. 


Example 5 If (a, n) = 1 and ( b , n) = 1 , then (aft, n) = 1 . 

Solution. As (a, n) = 1 and ( 6 , n) = 1 , by Corollary 1 , there are integers x v 
and tz, t; such that ax + ny = 1 and bu + nv = 1 . Hence multiplying these we 
get aft(xtz) + n(vax + ybu + ynv ) = 1 . So (aft, n) = 1 by Corollary 1 . 


PmT - 1 “"S '* 6,1 = 1 -™- Hence, (ab)(xu) = l-n(y + v-yv). Hence. 
(aft)(xu) + n(y + v — yv) = 1 . Hence, (aft, n) = 1 . 


Example 6 For any x € Z, gcd(a, ft) = gcd(a, ft + ax). 

Solution. For let (a, ft) = d, (a, ft + ax) = e. Then for some integers r, s, u, v 
(i) ar + bs = d (ii) au + (ft + ax)v — e. 
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Now d\a and d\b so that d\e by (ii). Similarly, e|a and e|(6 + ax) so that e\b. 
Hence e\d by (i). So d = e. 


Remark 1.1 Thus, if b = aq + r, 0 < r < |a| then (a, b) = (a, r). 

Theorem 4 (The Euclidean algorithm) Given integers b and c,c > 0, we 
make a repeated application of the division algorithm to obtain a series of equa¬ 
tions : 


b = cq + r u 0 < n < c, 

C = + T2, 0 < 7*2 < 7*1, 

ri = r 2 <72 + r 3» 0 <r 3 < r 2 , 


rj_2 = rj-iqj-i + Tj, 0<rj<rj-i , 
*j-i = r jqj . 


Then the gcd(6, c) of 6 and c is r jy the last non-zero remainder in the division 
process. Moreover, if (6, c) = bx 0 + cyo then the values of x 0 and y 0 can be 
obtained by eliminating rj -\,..., r 2 , n from the above set of equations. 


Proof. If g = (6, c) then g\b and g\c. Hence, g\b - cq. But, b - cq = r t . 
Hence, g\ri. Now, g\c, g\ri. Hence, g\r 2 . Continuing this way, we see that 
olrj for 1 < i < j- In particular, g\rj. Conversely, note that Hence, 

r.-lr,- iqi-i + n i.e. Similarly, Continuing in this way, we 

get that rj |r,_ 2 , • • • , rj ,\n ,r,|c, rj\b. Hence, is a common divisor of 6 and 
c. Hence, r, |(6, c) i.e. r, | g. But, g\rj and both g and rj are positive integers. 

Hence g = rj. 


Equivalently, one can use Remark (1.1) to prove that g - rj. For 

( b,c ) = (c,ri) = (ri,r 2 ) = ••• = rj) = (rj,0) = r j- 


Remark 1.2 

1. We note that in the above theorem, there is no loss of generality in as¬ 
suming that c is positive for ( b , c) = (6, -c) = (“6, c) = (-6, -c) and 
(6,0) = |6|, as 6 / 0. 

2. Further, the values of xo and yo are not unique. For example, (2,3) — 1 
* and 1 = -1(2) + 1(3) and 1 = 2(2) - 3. 


I 



Scanned by CamScanner 



6 An Excursion in Mathematics 


Chapter 1. Number Theory 


Example 7 Find gcd of 4840 and 1512. Also find x 0 , yo such that 

(4840,1512) = 4840xo 4- 1512y 0 . 

Solution. We have 


4840 

= 3(1512)4-304 

(1) 

1512 

= 4(304) 4- 296 

(2) 

304 

= ^1(296)4-8 

(3) 

296 

= 37(8)4-0 

(4) 


IIUII4CIU remainder is 8. nence (484UJ512) = 8. Now to hnd x 0 , Vo 
such that 8 = 4840xo 4- 1512yo, we write (3) as 8 = 304 — 296. Substituting 
for 296 from (2), 

8 = 304 - (1512 - 4(304)) = 5(304) - 1512 
Substituting for 304 from (1), 

8 = 5(4840 - 3(1512)) - 1512 = 5(4840) - 16(1512) 
so that x 0 = 5, yo = -16. 

21n + 4 

Example 8 Prove that the fraction —-- is irreducible for every natural 

14n + 3 3 

number n. 

Solution. We want to show that the fraction - ~ n is irreducible for everv 

14n + 3 3 

natural number n, that is, we should show that (2In 4- 4,14n + 3) = 1 for 
every natural number n. Now, 

21n + 4 = l(14n + 3) + (7n + l) 

14n 4- 3 = 2(7n 4* 1) 4-1 
7n + 1 = l(7n + 1) 

Hence, by Euclidean algorithm, (21n -f 4,14n + 3) = 1. Hence, the fraction 

21n 4- 4 . . / 

—-- is irreducible for every natural number n. 

14n 4- 3 

Definition 1.4 An integer p > 1 is called a prime number, or a prime, if it has 
no divisor d such that 1 < d < p. If an integer is not a prime then it is called a 
composite number. 




l 
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Note that 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31 are prime numbers, while 
4, 6, 8, 15, 20 are composite numbers. 


Example 9 If p is a prime and p fa, then gcd(p, a) = 1. 

Solution. Let gcd(p, a) = d. Then d|p and d|a. But p is a prime. Hence d = 1 
or d — p. Since p f a, we cannot have d = p. Thus d = 1. 

Remark 13 From the above example, we get that if p is a prime and a is 

an integer then (a,p) = \ Further, we get that if p and q are 

11 otherwise. 

distinct primes then (p, q) = 1. Thus, p and q are relatively prime. 

* 

Theorem 5 (Euclid’s Lemma) If (a, m) = 1 and m\ab then m\b. 

Proof. Since (a,m) = 1, there exist integers x,y such that ax + my = 1 
Hence, abx 4- mby — b. Since', m\ab we get m\{abx + mby). Hence, m\b. r 

y* 

Corollary 4 If p is a prime and p|ab then p|a or p\b. 

Proof. If p|a then we are done. Otherwise, p\ a. Hence, (p,a) = 1. Since, 
p\ab and (p, a) = 1, by Euclid’s lemma, we get that p\b. 

Euclid’s lemma can also be generalised for the product of n integers. This 
proof is based on Principle of Mathematical Induction. Induction is on the 
number of terms occurring in the product. 


Corollary 5 If p is a prime such that p|ai 02 • • • , then p divides at least one 

factor ai of the product. 

Proof. Let n = 2. If p|aia 2 andpf <*t-Then P I 02 Eucl,d s Hen “- 

the result holds for n = 2. Assume that the result holds for the product of n 
integers. Suppose p|m • • • o„o„ + i, then p|(oia 2 • • • a„)(a„+i). Hence, either 
p| ai a 2 or p|a„ + i. If p|o„+i then we are done. Otherwise. p|a,n 2 •" 
Hence, by induction hypothesis, p|a, for some t, 1 < t < ». Hence, by pnnc 
pie of mathematical induction, we get the result. 

Corollary 6 If a|m and !>|m and (a, 6) = 1> then a6|m. 

Proof. Let a|m. Then m = an for some integer n. Now 6|an and (a i.) = L 
Hence by the above theorem. 6|n. Thus n = bk for some integer k and so 

m — an — abk or o6|m. 

Example 10 Show that, if p is a prime then p| (J) for 0 < r < p. 
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Solution. Note that = r ;^ r )j ' Hence, p! = (r) r -(P r )’- Note that 

p|p! and as, 1 < r < p — 1, p f r! and p \ (p — r)!. Hence, using Euclid s 
lemma, we get p| (£). 

Thus, if p is an odd prime then p divides ^ > e - P\(^ p ~ ^)* ^ ur ' 

then, we can use principle of Mathematical induction and Binomial theorem 
to prove that p|(n p - n) for n € N and in fact for every integer n. This result 

is called Fermat’s Little theorem. 


Example 11 Prove that if p is a prime, then y/p is an irrational number. 
Solution. Suppose y/p is a rational number, say where a^b are relatively 

prime integers.. Hence, P = • Th us > pb 2 = a 2 . Hence, p\a .. By Euclid s 

lemma, pi*. Hence, p 2 \a 2 . But a 2 = P b 2 . Hence, p|6 2 . Hence, p|6, a contra¬ 
diction. Hence, y/p is an irrational number. 


Similarly, we can prove that if p is a prime, then $/pis an irrational number, 
where n is an integer greater than or equal to 2. More generally if a is a positive 
integer which is not a perfect n-th power, then is irrational. 


Fermat Numbers. The integers F n = 2 2 " + 1, n > 0, are called Fermat 
Numbers. F 0 = 3, Fi = 5, Fi = 17, F 3 = 257 and F 4 - 65537 are 
Drimes but F 5 = 4,294,967,297 is divisible by 641. Primes among Fermat 
numbers are called Fermat primes. Gauss (1801) proved that if m is a Fermat 
prime then a regular polygon of m sides can be constructed just using ruler and 
compass. It is not known whether there are infinitely many Fematprunes. In 
fact, F 0 , Fi,..., F 4 are the only known Fermat pnmes.lt is known that F n 

composite if 5 < n — 32. 


Example 12 

(i) F„-2 = F 0 Fi--'F„_i, n> 1. 

(ii) Any two Fermat numbers are relatively pnme. 

Solution, (i) (Induction on n) The result is true for n = 1. Assuming it true 
for n - 1, we get 

py 2 = 2 2 " 1 = (2 2 "” 1 + 1)(2 2 " _1 — 1) ” F n -i(F n -i — 2) 

" = F„_i • F „_2 • • • F 0 by induction assumption. 

•Binomial Theorem (x + y) n = 53( ) x V 

r=0 
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Hence by induction (i) holds for all n > 1. 

(ii) Let m < n. If d\F n and d\F m , then by (i), d\(F n - 2). Hence d\2 as 
Fn-(F n ~ 2) = 2. Thus, d = 1 or2. As F n is odd, d = l.Thus, (F m ,F„) = 1. 

Lemma 1.1 Every integer n > 1 can be expressed as a product of primes (with 
perhaps only one factor). 

Proof. If the integer n = 2 then it is a prime, hence the integer itself stands as a 
product with a single prime factor. Suppose the result holds for all the integers 
k such that 2 < k < m. 

If the integer n = m + 1 is a prime, the integer itself stands as a product 
with a single prime factor. Otherwise n can be factored into, say, n\ri 2 , where 
1 < ni < n apd 1 < 712 < n. As 2 < 7ij < m, 2 < 712 < m, by induction 
hypothesis, 711,712 can be written as product of primes. Hence, 711712 can be 
written as product of primes. Hence, by induction, the result holds for all the 
integers n> 2 . 

Remark 1.4 In this proof, we have used strong form of Principle of Mathe¬ 
matical Induction. 

We now state the following important theorem. The proof of this theorem 
uses Euclid’s Lemma and is left as an exercise to the reader. 

Theorem 6 (The Fundamental theorem of Arithmetic) Every positive inte¬ 
ger 71 > 1 can be expressed as product of primes in a unique way except for 
the order of the prime factors. 

Remark 1.5 Fundamental theorem of Arithmetic implies that every integer 
7 i > 1 can be written as 71 = p^p?. .. P? r » where Vi ± Pj whenever i ^ j. In 
fact, one may assume that Pi < Pj whenever i < j. 

Notes. 

1. A number n = pVp? isa perfect square if and only if each of 

ai,a 2 ,...,o r is even. Ifn =piP 2 ---Pr (i- e - if each of ai, 02 ,..., Or is 
equal to 1) then n is called a square-free integer. (Note that pi, p 2 ,... Pr 
are distinct primes.) 

2. If a, b are positive integers such that ab = c 2 and (a, 6) = 1, then a and 
b are both perfect squares. 
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Proof of 2. Let ab = c 2 for some c e N. Then the result clearly holds if one 
of a, 6 equals 1. Hence let a > 1 and b > 1 so that c > 1. Write a,6,c in 
canonical form thus: 


«=p?‘ 


I'm i 



n * 



Then ab = c 2 becomes 



«* 


Now note that since (a, b) =? 1, the primes pi..., p m are* all different from the 
primes <?i..., q n . Hence by the unique factorisation theorem, it follows that 
Pi »• • • Prru 9i • • • 1 9n is only a rearrangement of si,..., $ r and that the indices 
d \,..., d m , ei,..., e n form a similar rearrangement of 2ki ,..., 2 k r . Hence 
each of di and ej is an even number and so both a and b are perfect squares. 
Similarly, ifjib = c n for some c, n e N, and (a, b) = h, then a = x n and 
b = y n for some i,yeN. 


3. Using unique factorisation we can express the gcd of two numbers in 
terms of their prime factors. For this we. allow zero indices for the prime 
powers so that the same set of primes can be used to represent both the 
positive integers, say a, b. Thus let 

6 = p* 1 • • • p* n , (i) 


where pi,... ,p n are distinct primes and di > 0, e* > 0. Then 
(O, b) = gcd(a, 6) = P r (dl ' e '».. (ii) 




For example, for a — 819, b = 658, 

a = 2° • 3 2 • 7 1 • 13 1 • 47°, b = 2 1 • 3° ■ 7 1 • 13° • 47\ 
so that gcd(a, 6) = 2° • 3° • 7 1 • 13° • 47° = 7. 

Definition 1.5 Let a, 6 be non-zero integers. An integer m is called a common 
multiple of a and b in case a|m and 6|m. A positive integer l is said to be least 
common multiple (1cm) of a and 6 if and only if the following two conditions 
are satisfied: (i) a\l and b\l and (ii) if a\m and b\m then i|m. 

The least common multiple of a and b is denoted by [a, 6]. 

In other words, the least integer among all the positive common multiples- 
of a and 6 is called the least common multiple of a and b. 
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First, it can be shown that the icm of a, b is unique, if it exists. Secondly, 
lcm[a, b] always exists. To prove this, express a, 6 as in (i) above. Then it is 
easy to see that the integer 

h = p5 nax{d,,ei} .. .pT K{dn,e " ) (“0 

satisfies the properties (i) and (ii) above and so h = [a, 6]. For example, for the 
above factorisation of a = 819 and b = 658, we get 

[a, 6] = 2 1 • 3 2 • 7 1 • 13 1 • 47 1 = 76986. 

Finally, multiplying (ii) and (iii) and comparing the result with the factorisation 
of the product ab, namely, p* l+ei • • *Pn n+c ", it follows that^ 

ab = (a, b)[a, 6]. 

Example 13 The sum of two positive integers is 52 and their 1cm is 168. Find 
the numbers. 

Solution. Let the positive integers be a and b and a < b. Let d = (a, b) so that 
a = dm, b = dn and (m, n) = 1. Thus (i) a + b = d(m + n) =. 52 = 4 x 13 
and (ii) l.c.m. of a,b = dmn = 168 = 4 x 2 x 7 x 3. But ((m-f n)d, mnd) = d, 
since (m, n) = 1. Hence by (i) and (ii), d = 4. So m + n = 13 and mn = 42. 
Hence, m = 6, n = 7 and a — dm = 24, b = dn — 28. .. 

« 

Theorem 7 There are infinitely many primes. 

Proof. (Euclid) Assume that there are finitely many primes, say 2 = pi, 
‘ ■ • iPr • Let N — P 1 P 2 * ’ • Pr + !• Note that N > 1 hence N has a prime 
factor. Clearly none of the p/s divide N. Hence, the prime factor of N is is a 
new prime, a contradiction. Hence, there are infinitely many primes. 

(Kummer) Assume that there are finitely many primes, say 2 = p x , p 2 , • • • , p r . 
Let N = pip 2 • • • p r -1. Clearly N > 2 hence N has a prime factor. None of 
the p/s divide N. Hence, this prime is a new prime, a contradiction. Hence, 
there are infinitely many primes. 

(Using Fermat Numbers, Polya) Let p* be a prime divisor of the Fermat number 
Fi, i > 0. For i ^ j, (F{, Fj) = 1, so p* ^ pj. This gives us infinitely many 
primes {pi},-> 0 . 

Example 14 There are infinitely many primes of the type An - 1. 

Solution. Assume that there are finitely many primes of the type An — 1, say 
Pi - 3, P 2 , • • • ,p r . Let N = 4pip 2 • • • p r - 1. Clearly N > 2 and is odd. 
Moreover, none of the p/s divide N. Further, since JV is of the type 4n - 1, AT 
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must have a prime factor of the type 4n — 1. Hence, this prime is a new prime 

of the type 4n - 1, a contradiction. Hence, there are infinitely many primes of 
the type An - 1. 

Theorem 8 Given any positive integer n, there exist n consecutive composite 
integers. 

Proof. Consider the n integers 

(n + 1)! -1-2, (n + 1)! + 3.(n + 1)! + n, (n + 1)! + (n + 1). 

Note that k divides (n + 1)! + k if 2 < k < (n + 1) and (n -I-1)! + k > k. 
Thus, every number of the sequence is a composite number. Hence, we get n 
consecutive composite numbers. Thus, there are arbitrarily large gaps in the 
sequence of primes. 

•• • V • ^ * 

Example"15 If ja is a prime greater than 3 then Show that 2p + 1 and 4p + 1 * 

cannot be,prinks simultaneously. 

Solution. Since p is*a prime greater than 3, p is either of the type 3fc + 1 or , 
3fc + 2. : If p is of the type 3fc -f 1 then 2p + 1 = 2(3fc + l) + l = 6fc + 3 = 
3(2 k 4- 1). Hence, 3|(2p + 1) and 2p + 1 cannot be a prime. Similarly, if p is 
of the type 3fc + 2 then 3 divides 4p + 1 and it cannot be a prime. 

Exercise Set -1.1 

Prove that no integer in the sequence 11, 111, 1111, ... is a perfect 
square. 

Show that for any positive integer m, (ma, mb) = m(a, 6). 

jf. Show that if d|a and d\b and d > 0 then 

u. 4. Let d be any positive integer not equal to 2, 5 or 13. Show that one can 
^ find distinct a, b in the set 2,5,13, d such that ab — 1 is not a perfect 
square (I.M.O. 1986). 

5. By using Euclidean algorithm find the ged of (i) 7645 and 2872 (ii) 3645 
and 2357. Also express the ged as the linear combination of the given 
numbers. 

6. Find (a 2m -1- l,a 2 " + 1). Hence, show that there are infinitely many 
primes. (Due to P6lya.) 
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7. Let a, 6, c be integers such that (a, b) = 1, c > 0. Prove that there is an 
integer x such that (a 4- bx, c) = 1. 

8. Show that there are infinitely many primes of the type 6n — 1. 

9. Show that product of three consecutive integers is divisible by 3! while 
the product of four consecutive integers is divisible by 4!. 


10. Suppose m, n are integers and m = n 2 - n. Then show that mf - 2m 
is divisible by 24. 

1. A printer numbers the pages of a book starting with 1 and uses 3189 
' digits in all. How many pages does the book have? 

. . _ " • . •*. ( *. • •' 

12. Show that any integer divisible by 3 can be written as a sum of cubes of 

four integers. (Example. 6 = 2 3 + (-1) 3 + (-1) 3 4 0 3 .)*. .• •* 

,! * » *■ .o* 

13. Let p > 3 be an odd prime. Suppose ^ = ^'where (af£>) ^ 1. 
Prove that a is divisible by p. 


k =1 




14. Prove that if n > 4 then n, n + 2 , n + 4 cannot all be primes: v • 

* -. - p 

15. If 2 = pi < p 2 <•••< Pn where p* are primes, show that the li(imber 
P 1 P 2 • • • p n + 1 can never be a perfect square. 


16. Prove that, if n > 4, then the number 1! + 2! + 3! + • • • n! is never a ~ 
square. 


17. The gcd of two positive integers is 81 and their l.c.m. is 5103. Find the 
• numbers. 


18. Prove that there are infinitely many positive integers a such that 2a is a 
square, 3a is a cube and 5a is a fifth power. 

19. If a, b are positive integers such that the number (a + l)/b + (b+ l)/a 
is also an integer, then prove that gcd (a, 6) < \fa -f b. 

20. If 2” — 1 is a prime, show that n is a prime. 

21. If 2 n + 1 is a prime, show that n is a power of 2. 

22. Find all integers x and y such that (x, y) = 8 and [x, y] = 64. 

23. If (a, b) = [a, b] then show that a = ±6. 


/ 


/ 
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24. Show that if n is an odd integer, then 16|n 4 + 4 n 2 + 11. 

25. Find all integers which leave remainder 1 when divided by 3, remainder 
2 when divided by 4,..., remainder 8 when divided by 10. 

26. Show that an integer n > 1 is a compose' number if and only if it has a 
prime divisor d such that d < >Jn. 

27. If (a, 4) = (6,4) = 2 then show that 4 divides a + b. 

28. Show that there are infinitely many integers a, b such that (a, b) = 5 and 

a + b = 100. - N ; 

29. Given any non-zero integers a, b and n, prove that there exist integers ^ 
k 3 1 whose ged is 1 and for which n|afc + bl. 

\ IS • 

30. Let a, 6, mi, n be natural numbers, a > 1, and suppose that a, b have no 
common factor. Prove that if a m + b m is divisible by a n + b n , then m is 
divisible by n. 


1.2 Congruences 

A congruence is a convenient statement about divisibility. The notion of con¬ 
gruence was introduced by C. F. Gauss (1777-1855) in his famous book Dis¬ 
quisitions Arithmeticae, written at age 24. It gained ready acceptance as a 
fundamental tool for the study of number theory. 

Definition 1.6 Let m be a non-zero integer. The integers a and b are said to be 
congment modulo m if and only if m\a - b, and written a = b (mod m). 

Since, a-bis divisible by m if and only if a — 6 is divisible by -m, we 

will confine our attention to a positive modulus. _ 

For example, 19 = l(mod 6). We can also say that x is even if x = 0 
(mod 2) and x is odd if x = 1 (mod 2). Further, if x is even then x = 0 
(mod 4) and if x is odd then x 2 = l(mod 4). 

Theorem 9 Let a, b, c, d, x, y denote integers. Then, 

1 . a = i,(mod m), b = a(mod m), anda-6 = 0(mod m) are equivalent 
statements. 

2. If a = 6(mod m)andi> = c(mod m), then a = c(mod m). 


\ t 
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3. If a = b (mod m) and c = d(mod m), then 

ax + cy = bx + dy (mod m). 

4. If a 5 6 (mod rn) and c fe d(mod m), then ac = 6d(mod m). In 
particular, if a = b(jnod Vri) then a k = 6 fc (mod m) for every positive 

integer fc. * • . i 

% 

5. If a = 6 (mod m) and d|m, then a = 6 (mod d). 

* , r * • 

Proof: * , • 

• . * • • 

1. Suppose a = 6(mod m). Then, by definition, m|a — b. Now, m\a — b if 

and only if m\b — a if and only if m|a — b ~ 0. Hence, a = 6 (mod m), # ; 

b = a (mod m), and a — b = 0 (mod m) are equivalent statements.. j 

c. « - • - * 

2. If a = 6(mod m) aricl b = c(mod m), then fn\a—b and rrt\b—c. Hence, v. 

m\a — c i.e. a = c(mod m). ‘ « . ' . J~ 

' * ;■j 

3. If a = 6(mod m) and c = d(mod m), then m|a — b and m\c — d. J; 

Hence, m|(a — b)x and m|(c — d)y. Hence, m|(ax 4- cy ) — (bx -f dy) 

i.e. * * 

ax + cy = bx + dy (mod rn). # 

4. m|(a — b) and m|(c — d) => m|[c • (a — b) + b • (c — d)] =» 
m|(ac — bd) => ac = 6d(mod m). 

Equivalently, we can take x = c and y = 6 in 3 above to get the same 
result. 

5. If a = 6(mod m) then mla - 6. But dim, hence, dla — b i.e. a = b 
(mod d). 

Theorem 10 Let f(x) denote a polynomial with integral coefficients. If a = b 
(mod m), then /(a) = /(b) (mod m). 

Proof: Assume that f(x) = cq + cix 4--h c„x n , where c*’s are integers. 

Since, a = b(mod m), we get a 2 = 6 2 (mod m),..., a n = 6 n (mod m). 
Hence, for every j, 0 < j < n, we get Cja J = Cjfc* (mod m). Hence, 

n n 

y^Cja J = ^ Cjb* (mod m), 
j=o j—o 

that is /(a) = /(6) (mod m). 
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Theorem 11 Let a, 6, x, y, m, mi,..., m r be integers. Then, 


1. ax = ay (mod m) if and only if x = y (mod -- r 

(a,m; 

2. If ax = ay (mod m) and (a, m) = 1 then x = y (mod m). 

3. x = y (mod m*) for i = 1,2,... ,r if and only if 
x = y (mod [mi,m 2) ...,m r ]). 


). 


Proof. 


I. If ax = ay (mod m) then ax — ay — mq for some integer q. Hence, we 
have 

• » (a,m)^ X ^ (a,m)^ 

f 

and thiis — ^ \—^—( x - y ). But f 7 -^, 7-^-7 ) = 1- Hence, 

(<P, m) (a,m) \(a, m) (a, rri)) 

• 772 

we s et kk I“ v), that is > x = v ( mod 


:)• 


m 


Conversely, ifx = y (mod —^ ) then ^ ~^ -|(x — y). This implies that 

m|a(x — y), that is, ax = ay (mod m). 


m 


2. If ax. = ay (mod m) and (a, m) = 1 then x = y (mod ^ 
(a, m) = 1 hence we get x = y (mod m). 


). But 


3. If x = y (mod m t ) for * = 1,2,..., r then m,|x - y for i = 1,2,..., r. 
That is, x — y is a common multiple of mi,, m r and therefore x = y 
(mod [mi, m 2 ,.. •, m r ]). 

Conversely, if x = y(mod [mi,m 2 ,... ,m r ]) then m^mx, ... j m r ] 
for 1 < i < r. Hence, x = y (mod m t ) for i = 1,2,..., r. 


Proposition 1 If b = c (mod m) then (6,m) = (c,m). 

Proof. Since, b = c(mod m) we get 6 = c + qm. Hence, (c, m)|6 and hence, 
(c, m)|(6,m). Also, c = b-qm implies that (6,m)|cand hence (6,m)|(c,m). 
As both (6, m) and (c, m) are positive, we get (6, m) = (c, m). 

Example 16 Find the remainder when 13' 3 + 14 3 is divided by 11. 

Solution. We note that 13 = 2(mod 11) and 14 = 3(mod 11). Hence, 

14 3 = 3 3 = 5 (mod 11). (1) 
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Also. 2 5 = — 1 (mod 11)- Hence. 2™ = l(mod 11) and 2 ra = 8(mod 11). 
Thus, 

13 73 = 2 73 = 8 (mod 11). (2) 

Adding the congruences (1) and (2), we get 

13 73 4- 14 3 = 8 + 5 = 2 (mod 11). 

Hence, 2 is the remainder when 13 73 4- 14 3 is divided by 11. 

Example 17 Show that a number is divisible by 3 if and only if the sum of its 
digits is divisible by 3. * 

Solution. Let n be a given number, n can be written as 
• n — no + 10ni -}-••• + lO^n*, 

6 Ir 

where 0 < no, n \,... , 71 * < 9. Note that 10 = 1 (mod 3).*Hence, for every 

positive integer m 10 m = 1 (mod 3). Hence, n = no + ni H- \-nk (mod 3). 

This implies that n is divisible by 3 if and only if the sum of its digits is divisible 
by 3. 

The above argument also works if we replace 3 by 9 i.e. a number is divis¬ 
ible by 9 if and only if the sum of its digits is divisible by 9. 

Example 18 If p and q are primes such that p — q- 1-2, prove that pP + q q is a 
multiple of p + q. 

\ 

Solution. We note that as p and q are primes such that p — q + 2, both p and q 
are odd primes. Hence, q - 1 is even. Consider 

pP + q q = (p + q-q) p + q 9 = ( -q) p + q q (mod p + q) 

= -q q {q 2 - 1) (mod p + q) 

Now p + q = 2q + 2 and 2\q — 1. Hence, p + q = 2 (q + 1) divides q 2 — 1. 
Hence, pP + q q = 0 (mod p + q), that is, pP + q q is a multiple of p + q. 

Example 19 If a, b are integers, p a prime, then show that 

(a + b) p = a p + bP (mod p). • 

Solution. We note that 

(a + b) p = a p + Q a p ~ l b + • • • -f ^ V _ ^ 

= a p + bP (mod p) 
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as (j)» * (p-i) * re divisible byp. Thus, in particular, 

(a+ lCeaM (mod p). 

Further, if a -» l then 2 P = 2 (mod p). Thus, by induction, we can prove that 
w - h (mod p) for every integer n. 2 

^ ** • * 

example 20 Prove that lor any natural number n the expression A = 2903" — 
80 ,r - 404" f 201" » divisible by 1897. 

Solution. I*| ti be a naiural number. Nolc that 1897 = 7 x 271. Con- . 
sidcr the expression A ^ 2903 M - 803 n - 464" +^61 n . Now 2903 & 803 
(mod 7) and 464 £ 261 (mod 7). Also, 2903 = 464(mod 271) and 803 = 
-61 (mod 271). Hence. A is divisible by 7 as well as 271. Since (7,271) = 1, 
we get that A is divisible by 1897 

,K 

Example 21 Let a be a rational number. Show that if 11 + llv/lla* + 1 is an 
odd integer, then it must be a perfect square. 

_ _ ♦ 

Solution. As 11 llv/llo 2 + 1 is an odd integer, 11 a 2 + 1 must be the 
square of a rational number b of the form b = c/11 where c is an integer. Now 
llo 2 + 1 = cVll 2 , hence a can have 11 in the denominator. Let a = d/ll. 
Then lid 2 + ll 2 = c 2 . Hence 11 | c, i.e. b is an integer and 11a 2 + 1 = 6 2 . 
d 2 

Now 11 +1 = b 2 i*c. d 2 = 11(6 2 — 1), so that 11 | d. Hence a is an integer. 

If 11 + 11 \/l 1 a* + 1 is an odd integer, then 11a 2 + 1 must be the square 
of an even integer. Let 11a 2 + 1 = 4m 2 , so that 11a 2 = (2m - l)(2m + 1). 
Now (2m - 1,2m + 1) = 1 hence, by Note 2 §1, either 2rn - 1 = ll fi 2 
and 2m + 1 = / 2 or 2m - 1 = e 2 and 2m + 1 = ll/ 2 . In the first case, 

/ 2 — 11c 2 = 2, so that f 2 = 2 (mod 11). This is impossible, as the only 
squares (mod 11) are 1, 3, 4, 5, 9. Hence 2m - 1 = e 2 and 2m + 1 = Ilf 2 , 
Hence 

11 + llv/ll« 2 + l = 11 + 11 (2m) = 11 + 11(U/ 2 - 1) = (U/) 3 , 
which is a perfect square. 

Example 22 Prove that 2 P + 3 P is not a perfect power (i.e. a perfect square, 
cube etc.) if p is a prime number. 

=This it called Feirnal'i Lillie Theorem. 


4 
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Solution. If p = 2, then 2 2 + 3 2 = 13 is not a perfect power. 

p- 1 

Suppose that p is odd. Then 2 P + 3 P = (2 4- 3)^(—l) fc 2 p_1 *3*. 

*=o 

Now 3 = -2 (mod 5). Hence, modulo 5, the sum 

B-^E(“ 1 ) fc 2 p - 1 ‘*('2)^p2 p - 1 (mod 5). 
jt=o ^ fc=o '** f * 

Hence, if p ± 5, then 2 P + 3 P = 5n, where n ^ 0(mod 5), so that 2 P + 3 P is 
.not a perfect power. Finally, 2 5 + 3 5 = 275 is not a perfect,power. 

Example 23 Let /(m, n) = 36 m - 5 n , where m, n are natural numbers. Find 
the smallest value of |/(m, n)|. Justify your answer. 

Solution. We note that /(1,2) = 11. Further f(rn, n) is odd, /(m, n) is not a 
multiple of 3 and /(m, n) = 1 (mod 5). Thus the only possible value less than 
11 that |/(m, n)| can take is 1. We now show that |/(to,ti)| ^ 1. Now 

|/(to, n)| = 1 => 36 m — 5” = ±1 =► 36 m ±1 = 5. 

But modulo 5, 36 m + 1 = 5 n gives 2 = 0(mod 5), a contradiction and going 
modulo 4, 36 m - 1 = 5 n gives -1 = 1 (mod 4), a contradiction. Thus, the 
smallest value of |/(m, n)| = 11. -• 

Exercise Set -1.2 

1. Show that the square of an odd integer is = 1 (mod 8). 

2. Show that the square of an integer is = 0 or 1 (mod 3). 

3. Find all primes p such that both p and p 2 + 8 are primes. 

4. Show that the square of an integer is = 0, 1, - 1 (mod 5). 

5. Show that if 2n + 1 and 3n + 1 are both perfect squares then 40|n. 

6. If an integer n is coprime to 6 then show that n 2 = 1 (mod 24). 

7. Let n be an integer. Show that if 2 + 2\/28n 2 + I is an integer, then it 
must be a perfect square. 

8. If a ee 6 (mod m n ) then prove that a m = b m (mod m n+1 ). 

fd p -b p \ 

9. If (a, b ) = 1, then show that gcd 1 -j-, o — 61 = 1 or p. 
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13 Theorems of Fermat, Euler, Wilson and Lagrange 

Definition 1.7 If x = y(mod m) then y is called a residue of x modulo m. 
A set xj,..., x m is called a complete residue system modulo m if for every 
integer y there exists unique Xj such that y = Xj (mod m). 

Definition 1.8 A reduced residue system modulo m is a set of integers r* 
such that (r, , m) = 1, r, £ rj (mod m) if i ± j, and such that every x prime 
to m, is congruent to some member rj of the set. 

Example 24 Let m be any positive integer. Then {0.1,2,..., m — 1} is a 
complete residue system modulo m. If m = p, a prime then (1,2,... ,p—1} is 
a reduced residue system modulo p. {1,5} is a reduced residue system modulo 
6 while (1,3,7,9} is a reduced residue system modulo 10. We also note that 
{1,3,3 3 ,3 3 } is also a reduced residue system modulo 10. 

Theorem 12 Let (a, m) = 1. Let n,..., r n be a complete or reduced residue 
system modulo m. Then ari,..., ar n is a complete or reduced residue system 
modulo m. 

^Definition 1.9 The number 0(m) is the number of positive integers less than 
or equal to m and relatively prime to m. 

Equivalently, 0(m) is the number of elements in a reduced residue system 
modulo m. For example, 0(6) = 2,0(8) = 4,0(11) = 10 and 0(p) = p- 1 if 
and only if p is a prime. 

Theorem 13 For n > 1, ^ 0(d) = n. 

dfn 

Proof. Let S = {1,2,..., n}. For every positive divisor d of n, let 

Sd = {m G S | ged (m, n) = d}. 

Then, clearly, these sets Sd are pairwise disjoint and their union is S. Also 
gcd(m, n) = d if and only if gcd(m/d, n/d) = 1. Hence the number of inte¬ 
gers in the set Sd is equal to the number of positive integers < n/d which are 

relatively prime to n/d; i.e. equal to 0(n/d). Hence n = X>G)- But asd 

d|n 

runs through all positive divisors of n, so does n/d. Hence 

x>G) ==n - 

<i|n d\n 
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Theorem 14 (Euler’s theorem) Let a, m be integers such that (a,m) = 1. 
Then 

= i ( mo d m). (5) 

Proof. Let ri,r 2 ,- - • , r^( m ) be a reduced residue system modulo m. Since 
(a,m) = 1, using Theorem 12, ari,ar 2 , • • • is also a reduced residue 

system modulo m. Hence we get. 


n 

i=i 


ari = a 


<^(m) 

* (m) Yl r< 
1=1 ' 


[J r, (mod m). 

i=i 


<p(rn) ~ 

That is, m| — 1). Since, ( r i5 m) = 1, using Euclid’s lemma 

«=i i=i 

we get - 1. Hence, the theorem. 


^✓'Theorem 15 (Fermat’s 


theorem) Let p be a prime and a be an integer. Then 


a p = a (mod p). 



Proof. If p | a then a? = a (mod p). If p f a then (a.p) = 1. Since, 
</>(p) = p - 1, using (5) we get a p ~ l = 1 (mod p), hence a p = a (mod p): 

Example 25 If n e N and (n, 35) = 1, prove that n 12 = 1 (mod 35). 
Solution. Since n and 35 = 5 x 7 have no common factor, we see that 5 | n 
and 7 f n. Hence by Euler’s theorem, n 4 = l(mod 5) and n 6 = l(mod 7) 
since 5,7 are primes. Now 

n 12 - 1 = (n 4 - 1 )(n 8 + n 4 + 1) and n 12 - 1 = (n 6 - l)(n 6 + 1). 

(5 V 5 ) - *1 ~ and 7|( " 12 ~ 3nd so 5 x 7 ie - 35 divides (« 12 - 1) since 


Example 26 Find the last two digits of the number 7 100 — 3 100 . 

Solution. To find the last two digits of a number means to find the remainder 
when that number is divided by 100. Note that 100 = 25 x 4 and (25 41 = l 

(7 2 ^i 7 ,= ^° d 4 l a " d tHiS impUeS that 7100 = 3 100 (mod 4). Now 
( 1 5) (3,25) - 1 . By Euler’s theorem 7 20 = l(mod 25) and 3 20 — i 

(mod 25). Thus, 7“ ^ 3“ (mod 25) and we get 7 ™ = 3 : 00 ^ = 1 

Since, (25,4) - 1 we get that 7 100 = 3 100 (mod 1001 Thn« i 1 
digits of the number 7 100 - 3 100 are 00 ' ° ‘ Thus ’ ^ ast two 
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Example 27 If p, q arc odd primes such that 2p = q + 1, and a is relatively 
prime to 2, p and q . prove that a 2(p -»> = 1 (mod 16pg). 

Solution. Note that a is odd as a is relatively prime to 2. Now, — 1 = 

1 — l)(n p_1 + 1). Since, p is an odd prime, p — 1 is even and a p_1 — 1 is 
divisible by 8. Also, n p ~ l + 1 is divisible by#. Thus. 

Q 2 (p-i) _ j (mod 16) (1). 

Since, a is relatively prime to p, we get a p_1 = 1 (mod p). Hence, 

a 2 (p-i) = i ( moc i p) (2). 

Since, a is relatively prime to q and q— 1 = 2p — 2 = 2(p — 1), we get 

a 2 (p-i) = i ( m od q) (3). 

• ' 

Using the fact that 2,p and q are relatively prime in pairs and combining (1), 
(2) and (3) we get a 2 ^ p-1 ^ = 1 (mod 16pq). 

Example 28 Prove that 504|n 9 — n 3 , where n is an integer. 

Solution. We note that 504 = 7 x 8 x 9. If n is even then 8|n 3 while if n is odd 
then 8|n 2 — 1. Hence, for every n 8|n 3 (n 2 — 1). But n 3 (n 2 — l)|n 3 (n 6 — 1). 
Hence, 8|n 9 — n 3 for every integer n. 

Now either 3|n or 3 \ n. If 3|n then 9|n 2 . Hence, 9|n 3 . If 3 \ n then (3, n) = 1. 
This implies that (9, n) = 1. By Euler’s theorem, we get 9|n 6 - 1. Thus, in 
either case 9|n 9 — n 3 . 

Similarly, either 7\n or 7 \ n. If 7\n then 7|n 3 . If 7 \ n then (7,n) = 1. By 
Euler’s theorem, we get 7|n 6 - 1. Thus, in either case 7|n 9 - n 3 . 

Since, 7,8 and 9 are relatively prime in pairs and each divides n 9 - n 3 we get 
that their product 504 divides n 9 - n 3 . 

Definition 1.10 Let m ^ 0. If (a, m) = 1, an integer a! such that ao! = 1 
(mod m), is called an inverse of a modulo m. 

Example 29 The following table shows the inverses of 1,..., 12 modulo 13. 


number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

inverse 

1 

7 

9 

10 

8 

11 

2 

5 

3 

4 

6 

12 


Observe that 11! s 1[(2)(7)][(3)(9)][(4)(10)]((5)(8)][{6)(11)] = l(mod 13) 
and hence 12! s 12 = -l(mod 13). 
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Remark 1.6 Since (a, m) = 1, there exist integers 6, c such that ab+mc = 1. 
Hence, ab = l(inod m). This shows that if (a,m) = 1, a has an inverse 
modulo m. Further, if 6 and c are inverses of a (mod m) then m|a(6 - c). 
Using Euclid's lemma, we get 6 = c(mod m). Thus, the inverse is unique 
modulo m 

Let b and c be integers congruent (mod m ) and b' be the inverse of b 
(mod m). Then cb' = bb' = 1 (mod m). Hence, both b and c have the same 
inverse modulo m. Hence, the integers congruent modulo m have the same 
inverse modulo m. 

.^Theorem 16 (Wilson’s theorem) Let p be a prime. Then 

(p - 1)! = -1 (mod p). ( 7 ) 

Proof. The result can easily be verified for p = 2 and p = 3. We assume that 
p > 5. Now, given an integer i such that 1 < i < p - 1 there exists a unique j 
such that ij =ji = 1 (mod p), 1 < j < P - 1. Moreover t = j if and only if 
j = 1 orp — 1. Hence, (p — 2)! = 1 (mod p). Hence, 

(p- 1)! =p- 1 = -1 (mod p). 

Remark 1.7 Note that n is prime if and only if (n - 1)! = -1 (mod n). 

Theorem 17 Let p denote a prime. Then x 2 = -1 (mod p) has solutions if 
and only if p = 2 or p = 1 (mod 4). 

Proof If p = 2 we have the solution x = 1. For any odd prime we can write 

(p-l)/2 

Wilson’s theorem in the form j(j> - j) = (mod p). But j(p - j) = 

i=i 

-j 2 (mod p), and we get 


(p-i)/2 

(-IJCp- 1 )/ 2 J"J j 2 = -1 (mod p). 


j=i 


Hence for p = 1 (mod 4), we get a solution of x 2 = -1 (mod p). 

Suppose p / 2 or p $ 1 (mod 4) then p = 3 (mod 4). In this case, if fo 

some integer x, we have x 2 = -1 (mod p). then 

(x 2 ) (p_1)/2 = (mod p). 

9 

Hence x p ~ l = -1 (mod p). Since (p, x) = 1 we get p|2, a contradiction. 
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Theorem 18 (Lagrange’s Theorem) 3 Letp > 3 be an odd prim 

(x - 1 ). • • (x - (p - 1 )) = X p ~ l - AiX p ~ 2 + • * • r A P- ?X + Ap ~ 1 ' (8) 


Then, A p -\ a -l(mod p ) andp 2 |i4 p _ 2 . 

Proof. Replace x by x — 1 in (2) and multiply both sides by x L Henc 
get 


{{x - 1)(* - 2) • • • (x - (p - 1))}(* - P) 

= (x- l) p - A,(x - l) p *' +- A P - 3 (X - l ) 2 + Ap-J {x - *)\ 

Hence, (x p ~ 1 - Aix p ~ 2 -I - A p -^x + A p -i)(x — p) 

= (x- l) p - >1,(1 - If 1 +- A p -. 2 (x - l) 2 + A p -i(x - !)• 

Expanding R.H.S. using binomial theorem and comparing the coefficients, we 
get 


P.+ Ai 
pA\ + A 2 

P'A 2 + A 3 


pAp-2 + Ap- 1 
pAp-i 


= . p + Ai Identity 

= (2 ) + ( P i 1 ) >ll+A2 

= © + ( p 2> + ( p r> + ^ 


= C -i) + C-a) >1, + £-») ila 

= 1 + Ai + A 2 4 -- 1 - Ap-i 


+ • • • + A._ 


p -1 


From this, we successively get p|i4i,p|i4 2 , • • ■ ,p\A p -2 andp|Ap_! +1. If we 
put x = 0 in (2) then we get A p -1 = (p - 1)!. Thus, we get (p - 1)! = -1 
(mod p) (Wilson’s Theorem). If we put x = p in (2) then we get p 2 |j 4 p _ 2 . 

We also note that x p ~ l - 1 - {(x - 1) • • • (t - (p - 1))} is a polynomial 
with integer coefficients such that its coefficients are divisible by p. If x is not 
divisible by p then (x - 1) • • • (x - (p - 1)) is divisible by p. Hence, we get 
x p ~ l - 1 is divisible by p and thus we get Fermat’s Little Theorem. 


Definition 1.11 Let ri,...,r m denote a complete residue system modulo m. 
The number of solutions of f(x) = 0(mod m) is the number of r* such that 
f(n) = 0(mod m). 

3The proof of this theorem may be skipped for the first reading. 
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Theorem 19 Let g denote (a,m). Then ax = 6 (mod m) has no solutions 
if 9 I b. If g\b } it has g solutions x = (b/g)x 0 + t(m/g) (mod m), where 
t = 0,1 ,... } g - 1 where xo is any solution of ( a/g)x = 1 (mod m/g). 

Proof. Suppose ax = 6 (mod m) has a solution, say xo- Then axo = b 
(mod m) i.e. axo - b = qm for some integer q. Hence, axo — qm = b 
which implies that g\b (where g = (a,m)) if ax = 6 (mod m) has a solution. 
Thus, if g f 6 then ax = b (mod m) has no solution. 

Suppose g\b. Since (a, m) = g there exist integers A, g. such that Aa + 
Hm = g. As g\b there exists q such that 6 = gq. Hence, q(Xa + fim) = qg-b. 
Thus, qXa = 6(mod m). Hence, ax = b (mod m) has a solution if g\b. It is 
easy to see that if g = 1 then ax = b (mod m) has unique solution. 

Further, if x 0 is any solution of (a/g)x = 1 (mod m/g) then ( b/g)xo + 
f( m / 9 ) 1 1 ~ 0, Ip ...., g — 1 are solutions of ax = fc(mod m). 

Tiieorem 20 (Chinese Remainder Theorem) Let mi, m 2 , m r denote r 
positive integers that are relatively prime in pairs, and let ai,...*,a r denote 
any r integers. Then the congruences x = a, (mod m^), i = 1^..., r have 
common solutions. Any two solutions are congruent modulo m\m ,2 - • • m^ 

Proof. Let m = m 1 m 2 ...m r . Note that m/rrij and rrij are coprime. Hence 
there exists bj such that ( m/mj)bj = 1 (mod rrij). Clearly, 

m 

—bj = 0 (mod mi) for i ^ j. 

1 fLj , 

r 

Yfi 

Define x 0 = ~ b j a j- Now —bj = 1 or 0 (mod m { ) according as j = i 
j —1 3 1,L i 

0T j 7 ^ *• Hence xo is a solution of the system of congruences. 

If x 0 and y 0 are solutions of the system, then x 0 - y 0 = ai ~ a t ~ 0 

(mod mi) for each t. As mj,..., m r are coprime in pairs, we get x 0 - vn = 0 
(mod m) as required. e 0 yo - u 


Example 30 Find all solutions of the system 

x = 2 (mod 4), x = 3 (mod 5),x = 1 (mod 7). 

AZ/m” 1 - = m/ 7712 = 5 > 7713 = 7, M = m 1 m 2 m 3 = 140, A/j = 

" l l m \ — 35, A/ 2 = Af/m 2 = 28, A/ 3 = M/m-* = 20 Af — j 

hence A/{ = 3(mod 4) Af 0 - ^ . 3 .,, , 1 ~ 3 (mod 4), 

/ * mv *, v u yw 2 = o(mod 5), hence A/X = 2 (mod Af — a 

(mod 7), hence A/' = 6(mod 7). Consider K = 6 

x ° = 2A/ i Ai ’i + 3A/2M2 + IA/3A/3 

= 2 x 35 x3 + 3 x 28x 2 + 20x6 = 498 = 78 (mod 140). 
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Hence all the solutions of the system are 78 + 140*, * G Z. 

We note that there are many possibilities to choose A//. For example, we 
may choose M[ = - 1 , A/.J = 2 and A /3 = - 1 . Then x 0 = 78(mod 140). 


Example 31 Find the last three digits of the ;100 th powers of the first 100 
natural numbers. 

Solution. Let m be a natural number and r be the last digit of m. Then m — 
r + 10A* for some integer k. Hence 


m 100 = (r+10*) 100 = r 100 + 10Qr"(10*) + ™ * "r 98 (10*) 2 + 

2 

= r 100 (mod 1000) 

IWe can prove this as follows: (Exercise Set 1.2 Prob. N 0 . 8 ) 


» . 


r ^moa iuj 


i.e. 


(m 10 ) 10 = (7-10)10 ( mod 10 3) 
100 = - 100 (mod 1000)] 


m 


~ r 


(a) If r = 0, then r 100 = 0. 

^5) r =~100 B 3 ; MertL’lm. «(“£) = “loot 

r 100 = 1 (mod 1000). K ,r ~ 1 ^ m °d *25). Hence, 

(mod r i25| 5 utin n /rh S 1(m ° d8) ' Hence ' * 1 (mod 8) and r>°° = 0 
(d) If r = 2 4,0 8 r" e o S o e =T" f | rI °° = 625 (mod 1000). 

(mod 125). By Chinese remainder fteorem ‘r™ - 2LT = 1 

Thus in the above 4 = 376(mod 1000). 

7 * 7 ^ last 3 digits of ruv\ aai 

376 respectively. 8 * 01 m ^ 000, 001, 625 and 


Definition 1.12 Let a, m be integers such ,h.. / , ' 

called the order of a modulo m if n is the smal 1 “’,'” “ 1- An inte « er n is 
(mod m). An integer a relatively mime m ! ,nle8er such th m a" = 1 
w if order of a modulo m ^™ “ CalIed a primitive ro <>< modulo 

iSK. 71 - 3 „ 


Remark 1.8 The integers 1 . 2 , 

which have a primitive root. 


4, 



2pC ^ an 066 P rimc ) are the only integers 
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: Example 32 Find all pairs of prime numbers (p, q) satisfying the condition 

that pq divides 2 P + 2 q . 

Solution. Let us assume that p, q are odd primes such that pq\2 p 4- 2 q . Let m 
> and n denote order of 2 modulo p and modulo q respectively and m = 2 a m\ 
and n = 2 b n x where 2 f mi and 2 { hi. We have 2 P = -2 q (mod pq). Hence, 
we get 2 P = —2 (mod q) and 2 q = —2 (mod p). Hence, we get 2 P_1 = — 1 
{mod q) and 2 9-1 = —1 (mod p). But m\p — 1 and n\q — 1. We may assume 
i that a > b. Hence, we get 

(2 p - 1 ) n » - ( _i) ni _ _i (mod<?)> 

But n|p - 1. Hence (2 P ~ 1 )"» = 1 ( mo d q) which implies that q% a contra¬ 
diction. Hence, at least one of p and q equals U. Suppose p = 2 then it is easy 
to see that q = 2 or q. = 3. Similarly, if q = 2 then p = 2 or p = 3. Hence, all 
pairs satisfying the given condition are (2,2), (2,3) and (3,2). 


Exercise Set -13 

>^ind the remainders when 2 50 and 41 65 are divided by 7. 
JZ Find the units digit of 3 100 . 


\ 


^Show that H|(5 10 - 3 10 ). More generally, if p is a prime such that p \ a 
and p f 6 , then show that p|(a p_1 - b p ~ 1 ). 

X Prove that (i) 39|(53 103 + 103 53 ) and (ii) 7|(111 333 + 333 m). 

X If P and ^ 316 distinct primes, show that p q ~ 1 +qP~ 1 = 1 ( mod ^ 

X' Find die remainder when 7 200 + ll 800 i s divided by 101. 

Show that 89|(2 44 - 1 ) and 97|(2 48 - 1 ). 


8 . Show that there are infinitely many primes of the type An + 1 . 

9. Show that there are infinitely many primes of the type 6 n + 1 . 

10 . Show that if a prime p divides an integer of the form 16a 4 + 1 then o 
is o e type 8 n 4 - 1 . Hence, or otherwise show that there are infinitely 


many primes of the type 8 n + 1 . 


n-3 


1 . Show that ^ r(r)! is divisible by n if and only if „ i s pri 


prime. 
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12. Prove that if p is a prime and a, b are any positive integers, then 

(i) (mod p), (ii)^^=2 (mod p 2 ), 

< iu) CM£) (modp) ’ (iv, 0 s ft) (modp2) - 

& 

13. Solve the following equations in Z : ( i)y 2 = x 3 -f 7, (ii)j/ 2 = 41x + 3. 

14. Prove that for each positive integer n there exist n consecutive positive 
integers none of which is an integral power of a prime number. 

15. If p is a prime and 0 < r < p, prove that (p — r)!(r — 1)! + (— l) r_1 = 0 
(mod p). Show also that 18! = —1 (mod 437). 

16. Show that l 5 -h 2 5 + ... + 100 5 is divisible by 10100, however it is not 
divisible by 3. 

17. Let (a, 6) = 1. Show that there exists an integer l such that a 1 + b l = 1 
(mod ab). 

18. Prove that if p > 5 is a prime, then p 4 = 1 (mod 240). 

19. Prove that if p is an odd prime different from 3 and 7, then p 6 = 1 
(mod 168). Is it true thatp 6 = 1 (mod 504)? 

20. Prove that if for integers a and b we have 7|a 2 + 6 2 ,then 7|a and 7|6. 

1.4 Greatest Integer Function 

For real x, the symbol [x] denotes the greatest integer less than or equal to x. 
Thus, we note that [7r] = 3, [e] = 2, [-7r] = -4. 

Theorem 21 Let x and y be real numbers. Then we have 

(0 [x] < X < [x\ + 1 and x - 1 < [x] < x, 0 < x - [x] < 1. 

(n) If x > 0, [x] = ^2 1. 

1 <i<x 

( Hi) [x + m] = [i] + m if m is an integer. 

(it/) [x] + [y] < [x + y] < [*] + [y] + 1. 
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M + [-*1 = 



if x is an integer, 
otherwise. 


(vi) 



if m is a positive integer. 


(vii) x - [x] is the fractional part of x and is denoted by {x}. 


(wit) —(—x] is the least integer > x. 

(tx) [x -1- 0.5] is the nearest integer to x. If two integers are equally near to x, 
[x + 0.5] denotes the larger of the two. 

(x) If a and 6 are positive integers, [6/a] is the number of integers among 
1,2,..., n that are divisible by a. Thus, 6 = aq + r,0<r<a can also 
be written as 

6 


6 = a 


a 


+ r. 


Example 33 For every positive integer n, show that 


[y/n + y/n + 1] = [y/A n + 1] = [V 4 n + 2] = [y/A n + 3]. 

Solution. Note that ( y/n + y/n + l) 2 = 2n + 1 + 2 y/n( n +T) an d as n > 1, 
n < y/n{n + 1) < n+1. Consequently 4n+l < (y/n+y/(n 4- lj) 2 < 4n+3, 
which gives _ 

y/An + 1 < y/n -f y/{n + 1) < \/4n + 3. (9) 

Also, there always exist an integer k such that 

k 2 < 4n+ 1 < {k + l) 2 . 

I 

Since a square cannot be congruent to 2 or 3 (mod 4), we have 

k 2 < An + 1 < 4n + 2 < 4n + 3 < (k + l) 2 , 
i.e. k < y/An + 1 < VAn + 2 < y/An + 3 < (k + 1). (10) 


Combining (9) and (10), we get the required result. 

Theorem 22 (de Polignac’s Formula) Let p be a prime. Let e be the largest 


oo 


exponent of p such that p e divides n!. Then e = ^ j. 

*=i 

Proof. Induction on n or one can also prove this using elemenary counting 
principles. 
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1.5 Arithmetic Functions 

Definition 1.13 A function / : N —> C is called an arithmetic function. 

For example,. 

rf(n) = the number of positive divisors of n, 

o(n) — the sum of positive divisors of n, ' *. 

<7fc(rc) = the sum of k th powers of positive divisors of n, 

<P[n) = the number of positive integers < n and relatively prime to n. 
u;(n) = the nbmber of distinct primes dividing n. 

7 . 

Proposition 2ifn =p? 1 pj 3 . ..p£*,thend(n) = (oi-M)(a 2 -fl)..-(ajt+l)- 
Proof. If d is a divisor of n, then d — pj’pfp .. .p b k k where 0 < < a», 

l < i < k. For each i, we have a, -f 1 choices for 6* and so' 

d{n) = (ai + 1)... (a* -f- 1). 

Definition 1.14 An arithmetic function / is said to be multiplicative if / is not 
identically zero and f(mn) — f(m)f(n) whenever m and n are coprime i.e. 
(m, n) = 1. 

For example, f(n) — n, f(n) = d(n ) are multiplicative functions. 

Theorem 23 If /(n) is multiplicative, then so is F{n) = ^ f(d). 

d\n 

Definition 1.15 The Mobius function p(n) is defined as follows: 

{ 1 if n = 1, 

0 if a?\n for some a > 1, 

(-1)* if n = pi .. .pfc, pi being distinct primes. 

Thus, p{p) = -1, where p is a prime, p(6) = 1, 24) = 0. 

Example 34 Find J^(p(n!) i.e /z(l!) + p(2\) -f /z(3!) -j-. 

Solution. We note that 4|n! if n > 4. Hence, p(nl) = 0 if n > 4 It follow* 

Theorem 24 (Mobius Inversion Formula) If F(n) = £ f(d) for every 

d|n 

positive integer n, then f(n) = /*(<*)F( j), for every positive integer n. 
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Note. The converse of this is also true. 


Theorem 25 <£(n) = n ^1 — ... ^1 - , where n = pj l p£ a • • -Pi*- 

Proof. Since = n we have, by Mobius inversion formula, 

0( n ) = 53 * ( n / d )* Hence * = 53 nr 

m 71 -Jp**; 

Now p(d)/d is a multiplicative function. So 4>(n)/n is a multiplicative 
function. Thus <f>(n) is a multiplicative function. For a prime p~ 

. n »' .-4. 

- I»(?) - E^)(S) 


/=o 


= m( 1 )p e + p(p)p e 1 = P e -P e 1 = p e (?-^—) 

Hence <£(n) = n • ^1 - • ^1 - —^ 

Remark 1.9 The multiplicativity of Euler’s totient function can also be es¬ 
tablished using Chinese Remainder theorem and also by elementary counting 
method. We give a proof by elementary counting method. 

Proof. Let us write the numbers from 1 to 77171 in an n x m array. 


1 

2 

• • • 771 

771-1-1 

771 + 2 

• 

... 2m 

• • • • 

m(n - 1) -f 1 

• 

• 

77i(n - 1) + 2 

• • • • 

• • • ■ 

... mn 


lrcle those numbers in the first row which are relatively prime to 771 . Since 
(77i, n) = 1 and any two elements in the same column differ by multiple of 
m we get that these are the only elements from 1 to mn which are relatively 
prime to rn. Thus, we get </>(m) such columns. 

JJr ‘“ I r s m and (r, m) = 1, then r, r +m .r+m(n -1) form a 

“ P ,‘ , due system m “* uI ° "• Hence ' out of these elements exactly, 0(n) 

are relatively pnme to n. But these elements are relatively prime to m also 
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Hence, there are exactly 0(m)0(n) elements less than or equal to mn which 
are relatively prime to both m and n, hence to mn. Thus, we get <t>(mn) = 
0(m)0(n). 


Example 35 Let <r(n) be the sum of all positive divisors of a positive integer 
n (including 1 and n) and <j>(n) the number of positive integers less than n and 
prime to n. Prove that <r(n) + (f>(n ) > 2 n. 

Solution. Since cr(l)+0(l) = 2, let n > 1. Let 1 = d\ < d? < • • • < d k = n, 
be all the divisors of n. Note that 


di + • • • + d k = a{n ), 


n , n 

-r — dk-i, ~r — dk- 2 , 
02 O3 



The number of positive integers < n and divisible by di is n/di. So, the number 
of positive integers < n andTio/ coprime with n is 


n - <f>(n) < — + — H-f — = d k - 1 + • • • + d\ = o(n) - n. 

«2 03 d k 


Exercise Set -1.4 


1. How many zeros are there at the end of 400! ? 

2. Show that n is a perfect square if and only if d(n) is odd. 


3. There are n students standing in a row as per their roll numbers 1,..., n. 
The drill-master asks all the students to sit down. Then he asks every 
second student to stand up. Next he asks every third student to change 
his position from standing to sitting and vice-versa. Then he asks every 
fourth student to change his existing position and so on. Finally, he asks 
the nth student to change his existing position. Find which students are 
found in the sitting position at the end of this drill. 


4. If n = Pi'p? • • rf*’ then show tM v(n) and o k (n) are multiplicative 
functions and hence show that 


r («) = II 


Pi 


oj+i 


-1 


»=i 


Pi - 1 


= n 


A p. t( - +1) -1 


1=1 


Pi -1 


5. A natural number n is said to be perfect if <r(n) = 2n. Prove the fol¬ 
lowing theorem of Euclid: If 2 k — 1 is a prime, then 2* -1 (2* — 1) is a 
perfect number. (This is the case when e.g. k = 2,3,5,7,13,17,19). 
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Conversely, prove that every even perfect number is of the form 
2 *-t ( 2 * i) w hcre 2 * — 1 is a prime (Euler). (No odd perfect numbers 

are known). 

6 . Prove that for n = 1.2,3.... 



7. Let (a n )* =1 be a sequence of positive integers defined by ^ a d - 

djn 

2 n for every.n € N. (For example, ai = 2,ai + <12 = 2",ai +03 = 2 s .) 
Prove the following statements: 


(a) If p, q are distinct primes then pq\apg. 

(b) For every prime p and positive integer m, p m |apm. 





1.6 Pythagorean Triples 

If (xi.yi.2i) >s a solution of x 2 + y 2 = z~ in positive integers then the triple 
(xi, yi, xi) is called a Pythagorean triple. If the ged of xi, yi, z\ is 1, then such 
a triple is called a primitive Pythagorean triple. For example, (3,4,5), (5,12,13), 
(8,15,17) are primitive Pythagorean triples. 

Theorem 1 A primitive Pythagorean triple (xi,yi, 2 i) with y\ even is given 
by n = r 2 - s~, yi = 2rs, z\ = r 2 + s 2 where r and s are arbitrary positive 
integers of opposite parity with r > s and (r, s) = 1. 

Proof. Since the ged of xi, yi, *i is 1, then xj, yi cannot both be even. If , yi 
are both odd then x\ = 1 (mod 4) and y\ = 1 (mod 4), so that x?+y? = z\ = 2 
(mod 4), a contradiction. Hence Xi, yi cannot both be odd. We assume that yi 
. is even and xi is odd. Now, y 2 = z\ — x\ = (xi + ii) (xi — ^i)- So 
(yi/2) 2 = y 2 /4 = [( 2 i-ii)/2][(xi+xi)/2]. Now since the g.c.d of xi,yi,;i 
is 1, we have ((21 — Xi)/2, (21 + xi)/2) = 1 and hence 
(21 - xi)/2 = s 2 and (21 + Xi)/2 = r 2 for some positive integers r,s. 
Obviously (r, s) = 1; since the g.c.d of xi, yi, 21 is 1, we get that one of r, s is 
odd and the other is even. Hence we get that the integers xi, yi, 2 i must be of 
the form xi = r 2 - s 2 , yi = 2rs, 21 = r 2 4- s 2 with r > s > 0, (r, 5 ) = 1 and 
r, s are of opposite parity. Conversely, if integers xi, yj, 21 are of the above 
form, then (xi, yi, z\) is a primitive Pythagorean triple. 
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Example 36 If (x, y, z) is a primitive Pythagorean triple then show that one 
of x, y is divisible by 3. Further, show that xyz is divisible by 60. 

Solution. By the above theorem we have (assuming y even) x = r 2 - 
y = 2rs, z = r 2 + .s 2 . If 3|r or 3|s then 3|y. If 3 \ r and 3 f s then by Fermat’s 
theorem r 2 = 1 (mod 3) and s 2 = 1 (mod 3). Thus x = r 2 - s 2 = 0 (mod 3) 
i.C. 3]l. ar. 

Since r and s are of opposite parity 4|y. If 5|r.$ then 5|y. If 5 f rs then 
r 4 = l(mod 5) and s 4 = l(mod 5). Hence, xz — r 4 - s 4 = 0(mod 5). 
Since, 3,4,5 are pairwise coprime, their product i.e. 60 divides xyz. 

Example 37 Let a, 6, c be integer sides of a right-angled triangle, where 
a <b < c. Show that ab(b 2 - a 2 ) is divisible by 84. 

Solution. Let a = xt,b = yt and c — zt where (x,y, z) is a primitive 
Pythagorean triple and t is a positive integer. We may assume that y is even, 
hence we get x = r 2 - s 2 , y = 2rs, z = r 2 + s 2 wheje r and s are arbi¬ 
trary positive integers of .opposite parity with r > s and (r, J. Note that 
84 = 4 x Tx 7. Hence, 

xy(x 2 - y 2 ) = 2rs(r 2 — s 2 )[(r 2 — s 2 ) 2 — 4 r 2 s 2 ] 

= 2rs(r 2 - s 2 )[r 4 + r 2 s 2 + s 4 ) - 7r 2 s 2 ] 

= 2rs[(r 6 - s 6 ) - 7(r 2 - s 2 )r 2 s 2 ] 

is divisible by 4 as one of r and s is even. Either rs is divisible by 3 or otherwise 
r 2 = s 2 = 1 (mod 3). Hence, 3|r 2 - s 2 . If 7 { rs then r 6 = s 6 = 1 (mod 7). 
Hence, 7|xy(i 2 — y 2 ). Since, 3,4 and 7 are relatively prime in pairs, we get the 
required result. 


1.7 Representation of a positive integer 


Let n be a positive integer, b be any positive integer > 1. Then n can be written 
uniquely as 

^ = “h 4"... + ri\b -f- no 

where 0 < n* < 6, n a ^ 0. We also write (11) as 


( 11 ) 


n ~~ ( w »i n $— l* • • •»rii,no)b 


( 12 ) 


(11) and (12) are called a digital representation of n in base b. The n, are called 
the digits. The above n may also be written (for k > s) as, 


n — ( n k> .. ., 7l2, Hi, 7lo)fc 


(13) 
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where we must take n* = n *-i 
n = (... n,... n„ .. • no)fc« n « 
conventions: 


... = n s+1 = 0. We may thus write 
0 for every i > s. We have the following 


Binary representation : base 2 
Ternary representation : base 3 
Octal representation : base 8 


Decimal representation : base 10 
Duodecimal representation : base 12 
Hexadecimal representation : base 16. 


Thus, 

n = 210 = 2 x 10 2 + 1 x 10 1 + 0 x 10° = (21 0)io- 
= 1x 5 3 + 3x 5 2 + 2x5 = (1320)s. 

To convert 210 = (2 1 0)io to base 2, we divide 210 by 2, and note the 
remainder, attyi repeat the process with 210 replaced by the quotient. Continue 
the.piT>ce£gtili we get the quotient to be zero. Then starting at the bottom, the 
remainders give us the binary digits for 210, read from left to right. Thus we 
have thfc following table. 


n = 210 


divisor 

quotient 

remainder 

2 

105 

0 

2 

52 

1 

2 

26 

0 

2 

13 

0 

2 

6 

1 

2 

3 

0 T 

2 

1 

1 T 

2 

0 

l T 


Hence (210)io = (11010010)2- Check: 

( 11010010)2 = 1 x 2 7 + 1 x 2 6 + 1 x 2 4 + 1 x 2 1 
= 128 + 64 + 16 + 2 = 210. 

The same procedure works for any base b. Note that for representation to 
base 6, the ‘digits’ are the numbers 0,1,..., 6 - 1. Thus in base 2 the digits 
are 0, 1 and in base 5 they are 0, 1,2, 3, 4. If b > 10, then we have to use 
new symbols to designate the digits > 10. E.g. if 6 = 12, the digits are 
0,1,..., 10,11. The new digits 10 and 11 may be designated by symbols such 

A 
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as t and e or they may be underscored. Thus (1 O12 - ( 2 )m (— )i2- 
(1 3 3) 10 . When hexadecimal representation is used, we denote the numbers 

10,11,12,13. Hand 15 by A, B,C, D, E,F respectively. 

Note. We have 0 = (0) fc and 1 = (l)s for any base b. 

Exeriiseset- 1.5 


1. Show that if x? + y? = z\, then the following are equivalent: 

(i) gcdof Xuj/ 1,21 is 1 (ii) (xi,yi) = 1 (iii) (yit *i) = 1 
(iv)(xi, 2 i) = 1 (v) (x lt yi) = 1 , (yuzi) = 1 , (*i,*i) = 1 * 

2 . If (x, y,z) is a pythagorean triple such that each x, y, z can be written as 
sum of two squares then show that 180|xy;r. 

3. Verify the following: (i) (5 5 6 )i 0 = (4 2 1 1 ) 5 

(ii) (5 5 6) 9 = (4 5 6)10 (iii) (1 3 7 6) 8 = (5 3 t)i 2 - 

4. Show that every positive integer is congruent modulo b - 1 to sum of 
its digits in base 6 . Show further that if n = (n s ,n a _i,...ni, 7 io)fc, 
then n = no - ni + n 2 ... + (-l)*n s (mod (b + 1 )). Hence, derive a 
divisibility test for 11 . 

5. Noting that 37 divides 999, devise a test for divisibility by 37. Noting 
that 1001 = 7 x 11 x 13, devise a test of divisibility by these primes. 

6 . Let n be a five-digit number and let m be a 4-digit number formed from n 
by deleting its middle digit. Determine all n such that n/m is an integer. 

7. Prove that sum of all the n- digit integers (n > 2) is 

49499... 95500... 0 [digit 9 (n - 3) times and 0 (n - 2) times.] 

8 . Prove that a triangle with sides of lengths 5,5,6 has the same area as the 
triangle with sides 5,5, 8 . Find all other pairs of noncongruent isosceles 

• triangles, with integer sides, having equal areas. 

9. Show that the highest power of a prime p that divides n! is 
(n- sum of the digits of n when n is written in base p)/(p- 1 ). 

10. Find all the right-angled isosceles triangles with integer sides 

11. Determine all three digit numbers N, such that N is divisible by 11 and 
— is equal to the sum of the squares of the digits of N. 
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12. Find the smallest natural number n with 6 as the last digit in its decimal 
representation and such that if the last digit is erased and kept in front 
of the remaining digits, the resulting number is four times as large as the 
original number n. 

13. When 44 44 4444 is written in decimal notation, the sum of its digits is A. 
Let B be the sum of the digits of A. Find the sum of the digits of B. 


14. A divisor d > 0 of a positive integer n is said to be a unitary divisor if 
(d, n/d) = 1. Suppose n is a positive integer such that the sum of its 
unitary divisors is equal to 2n. Prove that n cannot be an odd integer. 
(Note that 1, 3,4,12 are the unitary divisors of 12.) 


" 1 

15. Let n > 2 be an integer. Show that 2_^ T is not 210 integer. 


k =1 


16. Consider the set {1,2,..., 100}. Is it possible to split this set into three 
groups such the sum of the elements of the first group is divisible by 100, 
the sum of the elements of the second group is divisible by 201 and the 
sum of the elements of the third group is divisible by 302. 


17. Consider the set {1,2,..., 100}. Is it possible to split this set into three 
groups such the sum of the elements of the first group is divisible by 102, 
the sum of the elements of the second group is divisible by 203 and the 
sum of the elements of the third group is divisible by 304. 


18. For each real number r, [r] denotes the largest integer less than or equal 
to r. Indicate on the (x, y)-plane the set of all, points (x,y) for which 

\x? + [y] 2 = 4 . 

19. Find all the real solutions of the equation 


[x] + [2x] + [4x] + [8x] + [16x] + [32x] = 12345. 


20. Find all real solutions to the equation 4x 2 — 40 [x] + 51 = 0. Here, if x 
is a real number, then [x\ denotes the greatest integer that is less than or 
equal to x. 

21. Let p and q be distinct odd primes. Show that 


(P-1)/2 

* • ■ 

(<t-1)/2 

. . 

E 

QJ 

V 

+ E 

pi 

n 

j=i 

L r 

j=i 

i J 


(P- l)(q- 1) 
4 


Scanned by CamScanner 


38 An Excursion in Mathematics 


Chapter 1. Number Theory 


22. There arc ten bags with coins. Some of them contain only counterfeit 
coins, each of which is 1 gram lighter than a genuine coin. One of the 
bags is known to be filled with the genuine coins. Using only one weigh¬ 
ing on a balance with one pan and an arrow showing showing the weight 
on the pan, determine w hich bags are “counterfeit” and which are not. 

• A 

23. Find all the natural numbers N such that the reduced ftsidue system 
consisting of least positive residues modulo N form an arithmetic pro¬ 
gression (I.M.O. 1991). 

24. Find all integers x ^ 3 such that x — 3|.r 3 — 3. 

25. Prove that their exist infinitely many positive integers n such that 4n 2 -j-1 
is divisible both by 5 and 13. 

26. Find two least composite numbers n such that n|2 n - 2 and nJ3 n — 3. 

27. Find the least positive integer n such that n\2 n — 2 but n npt divides 
3 n - 3. 

28. Find least integer n such that n not divide 2 n — 2 but n(3 n — 3. 

29. Prove that: 

(a) every positive integer has at least as many divisor of the form 4Jfc+1 
as divisor of the form 4k + 3; 

(b) there exist infinitely many positive integers which have as many 
divisors of the form 4k + 1 as divisors of the form 4it + 3; 

0 

(c) there exists infinitely many positive integers which have more di¬ 
visors of the form 4k + 1 than divisors of the form 4k + 3. 

30. Let p be an odd prime. Show that there exits an integer x such that. 
x 6 = 16 (mod p ). 

Solutions to Exercise Set-1.1 

1. A typical term 11... 11 is of the type 4k + 3. The perfect squares are 
either of the form 4k or of the form 4 k+l. Hence, the number 11... 111 
cannot be a perfect square. 

2. Note that 

(ma, mb) = least positive value of max + mby 

— m(least positive value of ax + by) = m(a, b). 
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3. Note that d • (-, -) = (a, b). Hence, we get the required result. 
d d 


4. Suppose 2d-1 = x 2 ,5d-1 = y 2 and 13d— 1 = z 2 . Since, 2d—1 = x 2 
we get that d must be odd. Hence y and z must be even. Also, z 2 -y 2 — 

{z ~ y){* + y) = 8d. Hence, ^ ^ y ^ = 2d. Now either ^ ^ 

or — ^ must even. Moreover, these two numbers differ by y, an even 

number. Hence their product 2d must be divisible by 4. Hence, d must 
be even, a contradiction. Hence, one can find distinct a, be {2,5,13, d} 
such that ab - 1 is not a perfect square. 


5. (7645,2872) = 1 = 3543(2872) - 1331(7645) and (3645,2357) = 1. 


6. Note that x + l|x 2fc — 1 if k is a positive integer. We may assume that 

— „2 m n „A U — on-m uf„2 m _j_ Uf„2 m \2 n ~ r 


m < n. Put x = a 2 and k = 2 n m . Hence, a 2 + l|(a 2 )“ 

a ^ 

Hence, we get that (a 2 " 1 + 1, a 2 " + 1) = 


- 1 . 


if a is even, 
if a is odd. 


Let a be even and p m denote the prime dividing a 2 " 1 4-1. Then as p m , p n 
are distinct primes, we have (p m ,p n ) = 1 whenever m ^ n. Hence, 
there are infinitely many primes. 


7. Let a,6,c be integers such that (a, 6) = 1, c > 0. Let P denote the 
product of primes common to both a and c and P = 1 if there are no 
primes common to both. Let Q denote the product of primes common to 
both b and c and Q = 1 if there are no primes common to both. Let R 
denote the product of primes which divide c but do not divide ab and R — 
1 if there are no such primes. Note that (P, Q) = (P, R) = (Q i ft) — i. 
It is now easy to see that (a + bQR, c) = 1. 


8. Assume that there are finitely many primes of the type 6 n — 1, say p\ = 
5 ,P 2 * • • • ,p r - Let = 6 pip 2 • • • p r — 1. Clearly N > 2 and 2, 3 and 
none of the p/s divide N. Moreover, since N is of the type 6n — 1, 
N must have a prime factor of the type 6 n — 1. Hence, this prime is a 
new prime of the type 6 n — 1, a contradiction. Hence, there are infinitely 
many primes of the type 6 n - 1 . 

9. If k, k+ 1, fc+2 are consecutive integers, then at least one of them is even 
and one of them is divisible by 3. If there are four consecutive integers, 
then there are two even integers and one of them is divisible by 4 as well. 
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10. Since m = n J - n = - l) and m - 2 = (n - 2)(n + I) and 

m 2m - (n -* 2)(n - l)n(n 4- 1). Hence, m 2 - 2m is product of 4 
consecutive integers und hence 24|m(m - 2). 

11. It can be easily seen that the book has more than 1000 pages. Suppose 

HaS 999 + 1 P a S es * Then ’ we get the equation 9 + 2(90) + 
3(900) + 4x = 3189. Hence, x = 75. Hence, the book has 1074 pages. 

12. Note that 6 k = (k + 1)3 + (fc - i)S - k * - k 3 and §k - 15 = (2 kf - 
(2fc + I)® + (fc _ 2)3 _ (Jfc + 2)3. 

. P-1, P-1/2 

13. Let p > 3 be an odd prime. Note that ^ - = Y' _ _ _• Hence, 

the numerator is divisible by p. ~ J 

Challenge. Show that the numerator is divisible by p 2 

14. Note that if n > 4 then 3|n(n + 2)(n + 4). 

15. Since 2 is the only even prime, the product a = PlP2 ... Pn is of the fomi 

a - 2k where k is odd. But if a + 1 = then and hence q is odd 

and so a - (q + l)(g - 1) is divisible by 4. This is a contradiction. So 
a + 1 cannot be a square. 

16. The units digit of the square of an integer must be one of 1 4 5 6 9 But 

when n > 4, the number a = 5! + • ■ • n! is divisible by 10 ’and* so the 

units digit of 6 = 1! + 2! + 3! + 4! + a = 33 + a is 3.! Hence 6 is not a 
square. 

17. Let a < b and a = 81 m, b = 81n so that by data (m, n) = 1. Also, then 

l.c.m. of a, 6 = 81mn = 5103 — 81 x 63, so that mn = 63 = 7x9 
But (m, n) = 1. Hence we may take m = 7, n = 9. Thus a = 8ir>a _ 
567, b = 81n = 729. • • m " 

18. Let a = 2 X 3 V 5 z b where b is coprime to 2,3 and 5. Then given conditions 
imply that (i) x + 1, y, z are divisible by 2 and (ii) x , y + z ^ 

divisible by 3 and (iii) x, y, z -f 1 are divisible by 5. so by trial the 
smallest values of x, y, z are 15,20,24 respectively. Also, for any integer 
n, 6 = n 30 is a square, cube and a fifth power. Hence, we rmv riL 
a = 2 15 3 20 5 24 n 30 . y 

19. Let (a, b) = d so that a — dm , b = dn and (m, n) = l. Then 

—I- ■ = c, an integer. This implies that a 2 + a + 6 2 + 6 = 
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or(a+6) 2 -f a+6 = nbc 4- 2ab or rf(m 2 +n 2 )4-m+n = dmnc+2dmn, 
so that d divides m 4- n and so d < (m -f n) as all numbers are positive. 
Hence, d 2 < d(m + n)=o + 6, as was to be proved. 

20. If n is composite then n = nin 2 where n\ > 1 and n 2 > 1* Hence, 
2” 1 — 1 > 1 and 2™ - l|2 n - 1. 

21. Ifn = 2 Q ni, wherenj is an odd integer greater than 1 then 2 a +l|2 n +l, 
a contradiction. 


22. x = 8 and y = 64 or x = 64 and y = 8. 

23. Suppose (a, 6) = d. Then d\a and d\b. Since, (a, 6) = [a, 6], we get that 
a|<i and b\d. Hence, a — ±d and b = ±d. Hence, a = ±b. 

24. Note that n 4 4-4n 2 4-ll = (n 4 4-4n 2 -5)+ 16 = (n 2 + 5)(n 2 -1)4-16. 
Since, n is odd 8|n 2 — 1 and 2|n 2 + 5. 

25. a: is a solution if and only if x + 2 is divisible by 3,4,..., 10. Hence, 

smallest positive solution is given by [3,..., 10] — 2 and all solutions are 
given by [3,..., 10] — 2 + k • [3,..., 10], where k eZ. 

26. Suppose an integer n > 1 is a composite number. Then n = ab where 

both a and b are greater than one. Suppose both a and b are greater than 
y/n. Then ab is greater than n, a contradiction. Hence, one of a and b 
is smaller than or equal to y/n. Hence,it has a prime divisor d such that 
d < y/n. 

i 

27. a = 4k + 2, b = 4/ + 2. Hence, (a + b, 4) = 4. 

28. Take a — 5 — 100A;, b = 95 + 100/:. Now a + b = 100 and (a, 6) = 

(a, a + b) = (5 - 100A:, 100) = (5,100) = 5. 

29. Let d = (a, 6) and let a = a'd and b = b'd so that gcd(a / ,6 / ) = 1. 
Hence there exist integers x , y such that 

. a'x + b'y = 1. (14) 

So, on multiplying this equality by dn, we get a'dnx -I- b'dny = dn, or 
anx 4- bny = dn. But since ab 7 = a'b = a'b'd, this can be rewritten as 

a(nx — b') 4- b(ny + a') = dn or ak + bl = dn , (15) 
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where k = nx -b' and / = ny + a'. Now the g.c.d. of k , / is I. For, if c 
is the g.c.d. of k and /, then c also divides 


x l - ky = nxy -I -ax- nxy + b'y = ax + b'y , 

so that by (14), c divides 1; hence c = 1. Thus by (15), &,/ are the 
required integers. * ' 

Solutions to Exercise Set >1.2 

1. Note that b = 2q + 1 for some integer q. Hence, b 2 — 4 q(q + 1) + 1. 
Since 2| q(q + 1), we get that b 2 = 1 (mod 8). 

2. An integer 6 can be written as 3q or 3q ± 1. If b = 3 q, then b 2 = 0 
(mod 3). If 6 = 3q ± 1, then b 2 = 1 (mod 3). Hence, the square of an 
integer is = 0, 1 (mod 3). 

3. If p / 3 then 3 j p then p 2 = 1 (mod 3). Thus, 3| p 2 + 8. Henfc'e, p — 3 
is the only prime. 


4. An integer b can be written as 5g or 5q ± 1 or 5q ± 2. If b = 5 q, then 
b 2 = 0(mod 5). If b = 5q ± 1, then b 2 = 1 (mod 5). If b = 5q ± 2, 
then b 2 = —1 (mod 5). Hence, the square of an integer is = 0, 1, — 1 
(mod 5). 


5. Put 2n + 1 = a 2 and 3n +1 = b 2 . Since, 2n + 1 is a perfect square then 
n is divisible by 4. Hence, 3n + 1 = 1 (mod 8). Hence, 8|n. Since, the 
square of an integer is = 0, i, - 1 (mod 5). We get 2n + 1 = 0, 1, — 1 
(mod 5) and 3n + 1 = 0, 1, — 1 (mod 5). If 2n + 1 = 0(mod 5) then 
3n + 1 = 2 (mod 5), a contradiction. If 2n -I- 1 = -l(mod 5) then 
3n + 1 = 3 (mod 5), a contradiction. Hence, 2n + 1 = 1 (mod 5) and 
5|n. Since, (8,5) = 1 we get 40|n. 

Challenge. Show that if 3n +1 and 4n +1 are both perfect squares then 
n is divisible by 56. 


6. Since, (n, 6) = 1, n 2 = 1 (mod 8) and n 2 = 1 (mod 3). 

7. We note that 2 4- 2\/28n 2 + 1 is an even integer. Hence, 28n 2 + I is 
a perfect square of an odd integer, say m. Now 28n 2 = m 2 - 1 = 

(m-l)(m+l)and7n 2 = ( ! ^T^) ‘ Hen ce, 1 

^ 2+i = 6 2 or = 7a 2 and ”LZ± = 6 2 . 


= 7o 2 
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ir m -f 1 „ . m - 1 ,o . ,o 

" 2 — ~ 7a 2 anc * — 2 — “ ^ then ^ s -1 (mod 7), a contra¬ 

diction. Hence, —-— = 7a 2 and —= 6 2 . Hence, 2 + 2m — 
2 + 2(26 2 - 1) = 46 2 , a perfect square. 

8. Note that a m - b m - {a - fe)(o m ” 1 -f a m ~ 2 b + ... + ab m ~ 2 + b m ~ x ). 
Since, a = 6 mod m", a = 6 mod m. Hence, a m ~ i b i z 6 m mod m 
.and a m-1 + a m ~ 2 fe + • • • + a6 m “ 2 + 6 m " 1 s m6 m = 0(mod m). 
Hence, a m - 6 m is divisible by m n+1 . 

9. Nolc that = £a‘r w a.pT 1 = pa"-' (mod a - 6). It 

i=0 

follows that the ged y,a — 6^ divides pa p_1 and pb p ~ i . Since 
a and 6 are coprime the ged is 1 or p. 


*v- 


Solutions to Exercise Set -1.3 


1. When 2 50 is divided by 7 the remainder is 4. Note that 41 = -l(mod 7) 
Hence, 41 05 = -1 = 6(mod 7). 

2. The unit’s digit of 3 100 is 1. 

3. Observe that a p_1 = 1 (mod p) and bP~ l = 1 (mod p). 

4. (i) Note that 53 = -1 (mod 3) and 103 = l(mod 3). Hence, 

(53) 103 = -1 (mod 3) and (103) 53 = 1 (mod 3). 

This shows that (53) 103 + (103) 53 = 0(mod 3). Also, 53 = 1 (mod 13) 
and 103 = -l(mod 13). Hence, (53) 103 = l(mod 13) and (103) 53 = 
—1 (mod 13). This shows that (53) 103 + (103) 53 = 0(mod 13). But 
(3,13) = 1. Hence, (53) 103 + (103) 53 z 0(mod 39). 

Also, 111 = 3(mod 6). Hence, 333 111 = 4 3 = 1 (mod 7). 

(n) Note that 111 = -1 (mod 7) and 333 = 4 (mod 7). Also, 111=3 
(mod 6). Hence, 333 111 = 4 3 = 1 (mod 7). 

5. Note that p, q are primes, hence using Euler’s theorem we get = i 
(mod q) and = 1 ( mo d p). 

6. Use Euler’s theorem and note that 101 is a prime Hence 7 200 = i 

(mod 101) and ll«*> . , (mod 101) . Hence La!n£r'is 2. ~ 
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7. Note that 2 n = 1 (mod 89) and 2 24 = (2 12 ) 2 s (-22) 2 ( mo d 97). 

8. Assume that there are finitely many primes of the type 4n -f 1 Sa 

Pi• P 2 » ’Pr• Let N = (2p,p2 * ■ * Pr) 2 + 1. Clearly N > 2 and is 

odd. Moreover, none of the p/s divide N. Since N is of the type k' 2 + \ 
N must have a prime factor of the type 4n + 1. Hence, this prime is a 
new prime ot the type 4n +1, a contradiction. Hence, there are infinitely 
many primes of the type 4n + 1. 7 

9. Assume that there are finitely many primes of the type 6n + 1, say 
Pi • P 2 ? * * * . p r ■ Let 


N = (2 • 3piP2 • • • p r ) 2 + (2 • 3piP2 • • • p r ) + 1. 

Clearly A > 2 and is odd. Moreover, 2,3 and none of the pj ’s divide 
A . Since A > 1, N has a prime factor, say p. Moreover, p > 3 and p f 
(2*3pip2-.. P»)-LNow,p|(2-3pip 2 -.. p r ) 3 -l.Supposep = 6*-l, 
then ((2 -3pip2 • • • p r ) 3 ) 2fc = 1 (mod p). Using Fermat’s little theorem, 
we get p)(2 • 3p 2 p 2 • • • p r ) 2 - 1. hence p|(2 • 3pip 2 • • • p r ) + 1. Tfiis 
implies that p|(2 • 3pip2 • ■ • p r ) 2 . a contradiction. Hence, this prime is a 
new prime of the type 6n +1, a contradiction. Hence, there are infinitely 
many primes of the type 6n + 1 . 

10. Note that a prime p divides an integer of the form 16a 4 + 1 then we ob¬ 
serve that p = 1 (mod 4). Ifp = 8k + 5 then ((2a) 4 ) 2fc+1 = (2a)P" J = 
-1 (mod p). Hence, by Fermat’s little theorem, we getp|2. a contradic¬ 
tion. Hence, p is of the type Sn + 1. There are infinitely many primes of 
the type 8n + 1 can be proved as in the earlier example. 

n—3 n—3 

11. Note that ^ r(r)! = £(r +1)! - (r)! = (n-2)!-1. Using Wilson’s 

r=l r=l 

Theorem, we get that (n — 2)1 — 1 is divisible by n if and only if n is 
prime. 


12. Note that ^ = 2 + 51 (^) (p r ) = 2 ( mod P 2 ) as Plffl for 


1 < r < p - 1. Also, note that 





(mod p 2 ). 
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Challenge. Show that if p > 5 is a prime then 

( p ) 5 2 (m ° d pi) and G) s (i) ( m ° d p 3 >- 

13. (i) Suppose y 2 = x 3 + 7. Hence, y 2 + 1 = x 3 + 8. Hence, x must be 
odd and y must be even. Moreover, y 2 + 1 = (x + 2)(x 2 - 2x + 4) = 
(x + 2)((x -1) 2 + 3). Now, (x - l) 2 + 3 is of the type 4 n -1 and hence 
it has a prime factor p of the type 4n -1. Hence, y 2 = -1 (mod p). But, 
p = -1 (mod 4), a contradiction. 

(ii) Let (x, y) be a solution of y 2 = 41x + 3. Then y 2 = 3(mod 41). But 
3 is not a square modulo 41. Hence, there are no such solutions. 

14. Let pi, ... ,p n , q u ..., q n denote 2 n distinct primes. Consider, the sys¬ 
tem of congruences given by, x = — r(mod p r q r ) for 1 < r < n. 
Since, (p r g r ,p a <?a) = 1 by Chinese remainder theorem, this system has 
a common solution. Hence, for each positive integer n there exist n con¬ 
secutive positive integers none of which is an integral power of a prime 
number. 

15. If p is a prime and 0 < r < p, we have by Wilson’s theorem (p — 1)! = 
(p — r)!(p — (r - l))(p - (r - 2)) • • • (p - 1) = -1 (mod p). Hence, 
(p — r)!(r — 1)! x (— l ) r_1 = —1 (mod p). Thus, 

(p - r)!(r - 1)! + (-l) r_1 = 0 (mod p). 

Note that 19 and 23 are primes and by Wilson’s theorem 18! = — 1 
(mod 19) and by the above result, 18! x 4! = -l(mod 23). Hence, 
18! = -1 (mod 23). Since, (19,23) = 1, we get 18! = -1 (mod 437). 

16. Let M = l 5 + 2 5 + ... + 100 5 . Note that 101 |r 5 -h (101 — r) 5 for 

50 

1 < r < 50. Hence, 1011 + (101 - r) 5 . Hence, M is divisible 

r=l 

by 101. Also, 100|r 5 + (100 - r) 5 for 1 < r < 49 and 100|50 5 and 
100|100 5 . Hence, M is divisible by 100. However, 3|r 5 -I- (99 — r) 5 for 
0 < r < 49. Hence, l 5 -I- 2 5 + ... -l- 99 5 is divisible by 3. But 100 5 is 
not divisible by 3. Hence, AJ is not divisible by 3. 

17. Note that (a, 6) = 1. hence, by Euler’s theorem, a= 1 (mod 6) and 
6* (a) = 1 (mod a). Let [0(a)f0(6)J = l. Hence, a 1 = 1 (mod b) and 
b l s 1 (mod a). Since, a|a and 6|6, we get a 1 + b l = 1 (mod a) and 
a 1 + 6* s 1 (mod b). Since, (a, 6) = 1, a' + b l = 1 (mod aft). 
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18. Observe that 240 = 3 x 5 x 8. If p is a prime greater than 5, then 
(p, 3) = (p, 5) = (p, 8) = 1. Hence, by Euler’s theorem p 2 = l (mod 3) | 
which implies that p 4 = 1 (mod 3). Also, by Euler s theorem p 1 = 1 
(mod 5) and p 2 = 1 (mod 8). Now p 4 - 1 = (p 2 - l)(p 2 + 1). Since 

8|p 2 - 1 and 2|p 2 + 1 p 4 = l(mod 16). Since, 3,5,16 are relatively 
prime in pairs, we get p 4 = 1 (mod 240). 

19. Note that 168 = 3 x 7 x 8. If p is an odd prime different from 3 and 
7, then p 2 5= 1 (mod 3), p 2 = 1 (mod 8) and p 6 - = 1 (mod 7). Since, 

3,7,8 are relatively prime in pairs, we get p 6 = l (mod 168). 

It is easy to see that p 6 = 1 (mod 504). 

Solutions to Exercise Set -1.4 


We want to find the number of zeros at the end of 400! in the decimal 
expansion i.e. the highest power of 10m which divides 400!. Since, 10 = 
5x2, we will find the highest power of 5 and highest power of 2 which 
divides 400! and take the least among the 2. Hence, the highest power of 
10 which divides 400! is 99. 


k 

2. Note that n = II P?‘ is a perfect square if and only if each a. is even if 

i=l 


and only if d(n) = fl (1 + <*<) is odd. 


»=i 


3. The fc-th student has to change his position at the d-th stage if and only 

if d is a divisor of k. Hence, the students whose roll numbers are perfect 
squares are in sitting position at the end of the drill. ^ 

4. Note that <x(n) = £ d|n d and **(n) = £ d(n d*. He nce. a(n) and 
a (n) are multiplicative functions. Hence, the required result. 

5. Sppose first that p = 2 fc - 1 is a prime number, and n = 2 k ~ l (2 k - i ^ 
To show n is perfect we need only show a( n ) = 2n 

plicative and *(p) = P + ! = 2*, we know J (n) ^ 

(2 fc - l)2 fc = 2n. This shows that n is a perfect number. * 

On thc other hand, suppose n is any even perfect number and write n as 
2* l m where m is an odd integer and k > 2 Amin ~ cnas 

so <r(2* -l m) = o(2‘-‘).<r(m) = (2* - s ' S mul,,pIica,ive 

we also know that <r(n) = 2n = 2 k m. Together the« n ,S perfect 

2 ‘m = ( 2 * - l).sigma(m), so 2 ‘ -, divid^m STdiv^ 
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m, say m = (2 fc - l)Af. Now substitute this back into the equation 
above and divide by 2 k - 1 to get 2 fc A/ = sigma(m). Since m and Af 
are both divisors of m we know that 2 k M — <7(771) > m + A/ = 2 k M, 
so a{m) = m + A/. This means that m is prime and its only two divisors 
are itself (m) and one (A/). Thus m = 2 k - 1 is a prime and we have 
proved that the number n has the prescribed form. 

6. Note that [x] = + [~y~ • Hence, 


71 = 

’TV 

.2. 

+ 

71+ ll 

. 2 J 

g] 

= 

n' 

.4. 

+ 

'71 + 2i 

L 4 J 

g] 

= j 

'71' 

.8. 

+ 

'71 + 4i 

l 8 J 


Adding these equations, we get the required result. 

7. Let (o n )“ j be a sequence of positive integers defined by ^ aa = 2" 

d|n 

for every n G N. We note that a\ = 2 and if p is an odd prime, then 
a p ~ 2 P — 2. If p, q are distinct primes then a pq = 2^ - (ai +a p + a q ). 
Using Fermat’s little theorem, it is easy to see that pg|a M . It is easy to 
show that for every prime p and positive integer m, a pm — 2 p* — 2 pT ” -1 . 
If p = 2 then 2 m |2 2Tn —1 as well as 2 m |2 27 " Hence, 2 m |a 2 m. If p is an 
odd prime, then using Euler’s theorem, we get p m |a p m. 

Challenge. Show that n|a n . 

Solutions to Exercise Set -1.5 


2. We have already proved that 60\xyz. Hence, 3 divides one of x,y,z. 
Since, each of x, y,z is a sum of two squares, if 3 divides one of x, y , z 
then 9 also divides it. 


3. Since we are not conversant with calculations in base 8, we first convert 
(1 3 7 6)8 to base 10 to obtain (7 7 6)io and then convert the base 10 
representation to base 12. 
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4. Ifn = (n„n,_i_m.rioK.thenn = n,6'+n,-l*'~‘+' , -+W|*+n„ 

and 

n s n„ 4- + * • • -f Hi + no (mod 6—1) 

= (-l)*n # 4- (-l)6s - ln # _i +-»i + Ho (mod 6+1). 

6. n * 10 s *V, where 10 < N < 99. 


10. There are no such triangles. 


13. Let N = 4444 4444 . The maximum number of digits in N < 4444 x4 = 
17776. Hence, the maximum possible value of A is 17776 x 9 = 159984. 
Similarly, the maximum possible value of BisAb and sum of digits of 
B < 12. Observe that N = A = B(mod 9) and 4444 = 7 (mod 9). 
Since, 7 3 = l(mod 9), we get 4444 4444 = 7 4444 = 7 (mod 9) as 
4444 = 1 (mod 3). Hence, the sum of digits of B = 7. 

15. We know that there exists / such that 2 l len < 2* +1 . Now, we take the 

Icm and do the addition. All the terms except —r are even while —r will 

2 * 2 * 

be odd. Thus, numerator is odd and denominator is even. Hence, the 
given sum is not an integer. 

Challenge. Show that - is not an integer. 


21 


Let 5 = {(*, y)|*,y G N. 1 < x < {p - l)/2,1 < y < (q - l)/ 2 } 
We note the set 5 can be partitioned into two sets Si and S 2 according 
as qx> py or qx < py. Note that there are no pairs in 5 such that ox = 
py. The set Si can be described as the set of all pairs (x, y) satisfying 

(P-U/2 - . 8 

I fa /% I 

elements. 


l<x<{p-l)/2,l<y<qx/p.ThznS 1 has £ 

J = 1 


(9-D/2 . 

Similarly S 2 has £ . Hence, we get the required result. 

Problem. This is a problem for those who know Analvtirai 
sider the unit circle (i.e. x 2 + y 2 = 1 ) and consider a line havhlp^’ C ° n " 
passing through (-1,0). Find the point of intersection of the lin* g f° pe . m 
cle excluding (-1,0). What can you say about the point if m • c,r ‘ 

number? See that this point is a point having both the cnnrj- * S 3 rationaI 
numbers. Are you familar with this point? c °o*'nates as rational 


SI 
Lp J 
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~; 2.1 Polynomials 


m , 

**&!*.* We denote the set of rational numbers by Q. Thus, 

C * f 771 1 

Q = | — |m, n are integers, n ^ 01 


Also, we denote the set of real numbers by R and the set of complex numbers 
by C. Let F denote any one of the sets Q, R, C. If n is a non-negative integer, 
* then an expression of the form 


f(x) = a 0 x n + aix n 1 + • • • + a n -\x + a n , (1) 

where ao, ai,..., a n are in F (or in Z), is called a polynomial in x with coeffi¬ 
cients an,..., a n . We express this by saying that /(x) is a polynomial over F 
(or Z). If /(x) is a polynomial over Z then f(x) is called a polynomial with 
integer coefficients. Similarly, we can define a polynomial with real or rational 
coefficients. If all the coefficients are zero, then f(x) is called the zero poly¬ 
nomial and is denoted by 0. If ao ^ 0, then /(x) is called a polynomial of 
degree n and Oo is called its leading coefficient . The polynomial is said to be 
monic if its leading coefficient is 1. If n = 0 and ao ^ 0, then f(x) = ao is a 
polynomial of degree zero. We do not define the degree of the zero polynomial. 
Two non-zero polynomials are called ( identically ) equal if the coefficients of 
respective powers of x in them are equal. 


Theorem 1 (Division Algorithm) Let f(x) and g(x) be polynomials with co¬ 
efficients in F and let g(x) be non-zero. Then there exist unique polynomials 
q(x) and r(x) with coefficients iri F such that, 


/(*) = q{x)g(x) + r{x) } (2) 

where r(x) is either the zero polynomial or a non-zero polynomial of degree 
less than the degree of g(x). 


49 
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Here q(x) is called the quotient and r(x) the remainder , obtained on dividing 
/(x) by < 7 (x). If r(x) is the zero polynomial, we say that /(x) is divisible by 

g(x) over F or that g(x) is a factor of /(x) over F. 

We note that if /(x) and g{x) are over Z i.e. if they have integer coeffi¬ 
cients, then q(x) and r(x) are, in general, over Q. But if the leading coefficient 
of g(x) is 1 or -1, then <?(x) and r(x) also have integer coefficients. ^ 

Theorem 2 (Remainder Theorem) Let a G F. If /(x) is a polynomial, then 
the remainder after dividing /(x) by x -ois f(a). 

Proof: Since the degree of g(x) — x — a is 1, by (2) we get, 

* 

/(x) = (x - a)q(x) + r, 

where r is independent of x. Hence putting x = a we get /(a) = r. 

Definition: Let a e F. Then a is said to be a root of a polynomial /(x) (or of 
the polynomial equation f(x) = 0) if /(a) = 0. 

Theorem 3 (Factor Theorem) A number a is a root of a polynomial /(x) if 
and only if x — a divides /(x). 

Proof: We have /(x) = (x — a)q(x) + /(o). Hence a is a root of /(x) if and 
only if f(a) = 0 if and only if x — a divides /(x) (by theorem 2). 

We now state the following theorem without proof. 

Theorem 4 (Fundamental Theorem of Algebra) If /(x) is a polynomial of 

degree n > 1 with complex coefficients, then /(x) has at least one complex 
root. . y * 


We can restate the Fundamental Theorem of Algebra as follows: 


. Theorem 5 If /(x) is a polynomial of degree n > 1 with coefficients in C 
then /(x) has exactly n roots, not necessarily distinct, in C. Further, if these 
roots are 6i, b 2 ,..., b n then /(x) has the factorization 


(3) 


/(x) = a 0 (x — &i)... (x — b n ), 
where a 0 is the leading coefficient of /(x). 

Theorem 6 Let /(x) be a polynomial, as in (I), having integer coeffiri-n,. 
and degree u > 1 and a„ ^ 0. Let p ^ 0 and ? > 0 be integers wfd,o u " a 
common factor. Then if - is a rational root of /(x), then p divides a n and q 

divides oo. If oo = ±1, then every rational root of/(x) must ^ an 
must divide a„. 6 
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Proof: Let - be a root of /(x). Then /(-) = 0 i.e. 


a o(~) n + ai(-) n 1 + ... + a n = 0 
9 9 

or -p(aop n_1 +... + a n ^q n ~ l )j= a n q 
and a 0 p n = -q{aip n ~ l + ... + a n g n-1 ). 


(4) 

(5) 


By (4), p\a n q n and so p|a n since p and q are coprime. Similarly (5) shows that 
q\a 0 . 

Note 1. If /(x) has integer coefficients and a is an integer root of f(x) and m 
is any integer different from a, then a —m divides /(m). 

Proof: On dividing /(x) by x — m we get 

* f{x) = {x-m)q{x) + /(m), 

where q{x) has integer coefficients. So for x = a, we get 

0 = /(a) = (a - m)q(a) + f(m) or f(m) = -(a - m)q(a). 

' ^ * 

Hence (a - m) divides /(m). 

Example 1 Let f(x) be a polynomial, as in ( 1 ), having integer coefficients and 
let /(0) = 1989 and /(1) = 9891. Prove that f(x) has no integer roots. 

Solution : If a is an integer root, then a ^ 0 as /(0) ^ 0. Also a must be odd 
since it must divide /(0) = a n . = 1989. But a ^ 1 as /(l) ^ 0. So taking 
m = 1 in Note 1, we see that the even number (a — 1) divides the odd number 
/(1) = 9891, a contradiction. 

Example 2 Find all polynomials p satisfying p{x + 1) = p(x) + 2x + 1. 

Solution. Observe that p(x) = x 2 satisfies the given condition. We substitute 
p(x) = /(i) + j 2 . Hence, the given condition gets transformed to 

f{x + 1) = /(x). 

Since, p(x) and x 2 are polynomials, /(x) is also a polynomial and since 
/(x + 1) = /(x) for all x, we get that /(x) is a constant polynomial. Hence, 

p(x) = x 2 + c. 
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Note 2. The roots of the equation ax 2 + bx + c = 0. a ^ 0 arc given by 

—b + — 4ac 


q = 


2 a 


and 3 = 


-6 - y/b 2 - 4ac 
2a ' 


Let us denote the expression 6 2 - 4ac, i.e. the quantity under the radical 
sign, by the letter A (delta of the Greek alphabet). Then 

-6+\/A -6 - v/A 

a =-and 3 = 


2a 
6 2 — 4ac 


2a 


We also note that (a - /3) 2 = -—Hence, it is clear that whether 

(%* Q* 

the roots will be real or complex, equal or unequal, depends on A. Thus A = 
6 2 — 4ac discriminates the nature of the roots of the equation. Hence, A is 
called the discriminant of the equation. 

The nature of the roots of the quadratic equation ax 2 -f bx 4- c = 0, a, 6, c 6 R 
is decided as follows: 

1. If A > 0, v/A is real and v/A ^ 0. Hence the roots — —— —— and 

2a 

~b - v A . . . 6 2 — 4ac A 

- are real and distinct. Note that (a — ,3 ) 2 = 


2a 


a 2 a 2 * 


Thus, conversely, if the roots are real and unequal, then A > 0. 

In particular, suppose a, 6, c € Q i.e. a, 6, c are rational numbers, a/0. 
Now, if A is a perfect square of a rational number, say A = A* 2 then 

—b ± k 

the roots are rational, namely ———. On the other hand if A is not 

a perfect square of a rational number, then \/A is irrational and so the 

—b VA —b v/A 

roots are irrational and they are — + and — - —, i. e they are 

always of the form m + v/nandm- y/n, where m = — and n = A4n 2 

are rational numbers. Thus, if a, b,c € Q then the roots m + y/n and 
m - y/ii always occur in pairs. 

—bdt v/A _ — b 

2. If A = 0 then the roots-—-2a ^ rea and ec ! ual - Conversely, 

it is easy to see that if the roots are real and equal, then A = 0. 

if a < o. v/A is imaginary and the roots are complex numbers. Let 
^ —b k _^ ^ 

A = where k > 0. Hence the roots — + ^jiand — - —j, j.e. 
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they are complex conjugate numbers of the form m+it and m-it, where 

—b , _ , , _ b 2 — 4 ac A 

to = and t = A:2a are real numbers, (a - BY = -5— = —. 

2 a ' ' a 2 a- 

Thus, conversely, if the roots are non-real, then A < 0. 

Note 3. If /(x) has real coefficients and if c = a + ib (where a, b € R and 
b ^ 0) is a complex root of /(x), then the conjugate c = a — ib of c. is also a 
root of /(x). 

Proof: On dividing /(x) by g(x) = (x — c)(x - c) = (x — a) 2 4- b 2 , we get 
f{x) = (x - c)(x - c)q{x) + ex + d, (6) 


where ^(x) and ex + d have real coefficients. Now 

/(c) = 0 = e(a + ib) + d and so ea + d = 0 and eb = 0. 

This gives e = 0 as b ^ 0. Hence d = 0. So by (6), f(c) = 0. 

Note 4. It can be shown that every polynomial of odd degree n with real 
coefficients has at least one real root. 

Note 5. If a real quadratic surd a + Vb is a root of a polynomial /(x) with 
rational coefficients, then a — Vb is also a root of /(x). 

An expression in variables a, 6,..., is said to be symmetric in a, b ... if it is 
unchanged under all permutations of a, 5,.. .. 

Thus a + b and a/b + b/a are symmetric in a, b but a — b is not symmetric. 
The simplest symmetric polynomials in a, b and c are the following : a + 6 + 
c, ab + ac + be, abc. These are respectively the sum of products of a, b, c 
taken one at a time, two at a time and three at a time. The first two of these 
are usually denoted respectively by £>,£a6. These three polynomials are 
called elementary symmetric polynomials in a,b,c. Similarly the elementary 
symmetric polynomials in a, b, c, d are 

^2 a = a + b + c + d, y' ab = ab + ac + ad + be + bd + cd, 

\ abc = abc + abd + acd 4- bed and abed. 


We have 

Theorem 7 (Newton) Every symmetric polynomial in ai, 02 , ..., a n with in¬ 
teger coefficients (coefficients in F) can be expressed as a polynomial in the 
elementary symmetric polynomials in a\, ao,..., a n with integer coefficients 
(respectively with coefficients in F). 
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For example, a 2 +b 2 +c* = (a+6+ c) 2 -2('a&+6c-f ca) - (5I a ) 2 “2£a& 

and 

a 3 + 6 s + c 3 - (a + b + c)(a 2 + b 2 + c 2 - ab - be - ca) + 3 abc 

= (a + 6 + c)((a + 6 + c) 2 - 3(a6 + 6c + ca)) + 3 abc 


Now consider the cubic equation /(x) = 0., where 

f(x) - a 0 x 3 + aix 2 + a 2 x + a 3 , a 0 ^ 0 . 

Let a, 3 ,7 be its roots. Then by (3), 

/(x) = ao(x - a)(x - 0)[x - 7 ). Hence, 

v 

a ° x + ajx 2 + a 2 x + a 3 = ao[x 3 — a)x 2 -F a0)x — a/3 7 ]. 

Hence equating coefficients of various powers of x on the two sides we obtain 

£“ = "■ £«*-*. <#,—*. (7) 

a ° ao a 0 

Th^e give the values of the elementary symmetric polynomials of the roots 

ml ITa Simi,arly - for a fourth degree po ^ omial 




( 8 ) 


Example 3 Find the roots of 4 x 3 - 16x 2 - Q r 4 - ^ - n 

is the negative of another. ’ ^ iven one root 

Solution. If the roots are o, 6, c, we have 6 = - a , sav So bv n\ „ 

-o 2 + oc-ac= -9/4and -n’c = -9. Heneec= andi-^ = t' 
Hence, the roots are ±|, 4 . ~ = — 6 . 

Example 4 Let a, b, c € R, a ^ 0 , such that a and 4 a + 36 + o„ u u 
sign. Show that the equation ax 2 + bx + c = 0 cannot k* + ? ^ the Same 

interval (1,2). U cannot have both roots in the 

Solution. Let a,/J be roots of the given quadratic equation. We have 

n < 4a + 3fc + 2 c b c 

a +3 a + 2 a ^ 4 " 3 ( a + 0 ) + 2 a •/? 

— (a — 1)(/? — 2) + (a _ 2)(/? _ j^ 

If a, 0 both belong to ( 1 , 2 ) then each term of the sum will h, 

is a contradiction. m W,U ** negative, which 
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Example 5 Consider all lines Which meet the graph of y = 2a; 4 +7x 3 +3x - 5 
in four distinct points, say (xi, yj), (x 2 , y 2 ), (x 3 , 2 / 3 ), (x 4 , y 4 )- Then, show that 

—- J3 Xa is independent of the line and find its value. 

Solution. Let y = mx + c be any line which intersects the graph 
y = 2x 4 + 7x 3 + 3x - 5 at (x<, y, ), 1 < i < 4. Then Xi are roots ofmi + c = 
2x 4 + 7x 3 + 3x - 5. (Note that x/s are distinct as x< = Xj would imply 
y t = y } .) The above equation reduces to an equation of degree 4, namely 
2x 4 + 7x 3 4- (3 — m)x — 5 — c = 0. Hence, 


Xi + x 2 + x 3 + x 4 _ ^ 

4 8 ' 

Example 6 The product of two of the four roots of x 4 — 20x 3 + kx + 590x — 
1992 = 0 is 24. Find k. 

Solution. Lei the given equation be written as /(x) = 0, and let the roots 
of the equation be ri,r 2 ,r 3 ,r 4 with rir 2 = 24. Now rir 2 r 3 r 4 — 199 , so 

rjf -4 = -1992/24 = -83. Also, 


' /(x) = (x - ri)(x - r 2 )(x - r 3 )(x - r 4 ) . 

= (x 2 -cx4-rir 2 )(x 2 -dx + r 3 r4) 

— (x 2 — cx + 24) (x 2 — dx — 83), 

with c = n + r 2 , d = r 3 + r 4 . Comparing coefficients of x 3 and x we get 
c + d = 20 and 83c - 24 d = 590. This gives c = 10, d = 10. Companng 
coefficients of x 2 , k = cd - 83 + 24 = 100 - 83 + 24 == 41. 


Example 7 Ifaand/?arerootsofx 2 +px + <7 = 0, where p and q are integers 
with qlp 2 , then show that 

(i) o n + /?"isan integer (n > 1), 

(ii) a n + P n is an integer divisible by q (n > 2). 


Solution. Since a, 0 are the roots of x 2 + px + q - 0, we get 

a + (3 = ~Pi 
a/3 = q- 


(9) 

( 10 ) 


Note that a 2 = —pa — For n > 2. multiplying this •*■*■«*£*. 
get a" = -pa"' 1 - <!<* ■ Similarly, 0 = ~P0 ~ W • Hence ' 

— 1 nM — 1 \ / fl—2 l / 


we 


qa' 

a n +0 n = _ p(Q »-'+/r- l )-?(a "- 2 + /J"- 2 )('» 

Also for n = 2, a 2 + /5 2 = (- P ) 2 - 2, = p 2 - 2,. 


( 12 ) 
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1 . By ( 9 ) and ( 1 2 ), a + Q and a 2 + P 2 are both integers. Hence, by ( 1J), it 
follows by induction on n that o n + p n is an integer for n > 1 . 

2. Since q\p 2 , (12) show's that q\{a 2 + p 2 ). Further, 

a 3 + P 3 = -j)(q 2 + P 2 ) - q(a + p) 

and so g|(a 3 + p 3 ). Hence, by ( 11 ), it follows by induction on n that 
< 7 |(o n + p n ) for n > 2 . 

Example 8 Find all integers a such that the equation x 3 — 3x + a = 0, has 
three integer roots. 

Solution. Let the integer roots of the given equation be a , /?, 7 . Then 

a + /3 + 7 = 0,a/3 + /? 7 + 7a = -3,a/?7 = -a. (13) 


Hence, a 2 + p 2 + 7 2 = ( Q + P + 7 ) 2 - 2 (ap + p 1 + 7 a) = 6 . (14) 

foiling Q < 6 and so the solutions of (14) are essentially the 


Ot = 2,13 = — 1,7 = -l 

and q =- 2 ,/? = 1,7 = 1 . 


(15) 

(16) 


Both these sets satisfy (13). Hence the required values of a are a = -2 2 
corresponding to the roots in (15) and (16) respectively. 2 ’ 2 

Example 9 Let p(x) = a n x n + a„^x n ~ l + , k 

degreen w.threa,coefficientsa„,suchtha,a„ = 1 and- 

a^te^n^? °T ° 

<-2 +c n . Hence find all such polynomials p( x ). 
Solution. Since p(x) is a monic polynomial and a 0 = ±1 we hat, tk 
root c, = ±1. Therefore £cf = For n = 1 , p(x ) = x l\ nr T 
are the required polynomials. So let n > 2. Now ’ =x ~l 

(51 c ‘) = 51 c ? + 2 51 °i c i‘ Hence, j = n + 2 

Hence 1 = n ± 2 , i.e., n = 1 ± 2 so that n = 3 as n > 2 . Therefore 
p(x) = x 3 -t- ax 2 + bx + c, where a 2 = 6 2 = c 2 __ j 
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As n — Ci + C 2 + C 3 = ± 1 , and each c, = ± 1 , it follows that 

p{x) = (x - l)(x - 1 )(x + 1 )=i 3 -i 2 -i+ 1, 
p(.r) = (x + l)(x + l)(x - 1 )= x 3 + x 2 - x — 1 . 

We also note that in these polynomials all coefficients are ±1. Hence these are 
the required polynomials. 

Example 10 Find the remainder when (x + l) n is divided by (x — l) 3 . 
Solution. Dividing (x + l) n by (x — l ) 3 we get 

(x + 1 )" = f (x)(x - l ) 3 + Ax' 2 + Bx + C. 

Put x — l = yorx = y + l. Hence, 

(y + 2) n = /(y + l)y 3 + A{y + l) 2 + B{y + 1) + C. 

Using Binomial theorem, we get 

y n + --- + y 2 ~ — 2 n ~ 2 ^ + y(n 2 n_1 ) + 2 n 

= f(y + 1 )y 3 + Ay 2 + (2A + B)y + A + B + C 
Now, equating coefficients of y 2 , y 1 , y° we get 

A = 71(72 — l)2 n-3 ,2i4 + B — n2 n ~\A + B + C = 2 n . 

Solving these equations, we get 

A = n(n - l)2 n - 3 , B = n(3 - n)2 n ~ 2 , C = (n 2 - 5n + 8)2 n " 3 . 
Hence, the remainder is 


n(n - l)2 n_3 x 2 + n(3 - n)2 n " 2 x + (u 2 - 5n + 8)2 n ~ 3 . 

Example 11 Suppose a, b, c are rational numbers and all the roots of 

x 4 — ax 2 + 6x + c = 0 

* 

are rational and distinct. Let p, <J, r, s be these roots. Prove that the number 
4(a 4- pq) - 3(p + qy is the square of a rational number. 
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Solution. Using the relations between roots and coefficients we have 
p + <7 + r + s = 0orp + i/= -(r + sj, pq + j/r + ps + qr + qs + rs = -a. 
Hence substituting for a and p + q, 


4( a + P<l) — 3(p + q) 2 

~ 4 [-(P<? + pr + ps + qr + qs + rs) + pq] - 3(r + s ) 2 

= 4[-(p + q)[r + s) — rs] — 3(r -f s) 2 

= 4(r + s) 2 - 4 rs - 3(r + s) 2 = (r - s) 2 , 

. * • 


which is the square of the rational number r - s.. 


•>< 


Example 12 For any positive integer n, prove that there exists a polynomial 
P\x) of degree at least 8n, such that 


(2n+l) 2 


k=l 


(18) 


Solution: Consider the polynomial 

\ 

(2n+l) 2 

p(*) = n ( x-k) 

k=2 

= (z — 2)(x — 3) • • • (ar — [An 2 4- 4n])(x — [2n + l] 2 ). ( 19) 

Clearly, 

^ , ’ ■ > 

|P(0)| = (4n 2 + in + l)r, |P( 1 )| = ( 4„2 + 4n) , .» ' 

and P(k) =0 for 2 < k < (2n + l) 2 . 

So (18) holds because then 

(2n+l) 2 

H \ p W\ = (4n 2 + 4n)! < (4n 2 + 4n + 1)! = | 

Also, since the degree of the polynomial in (19) is d = 4 n 2 + 4n = 4n ( 
and since either n or n + 1 is an even integer, we see that d> 8n ” ” + 
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2.1.1 Complex Numbers 

Consider a comp lex numb er z — x + iy, where x, y are real. Then the real 
number r = + \/x 2 + y 2 is called the modulus of z, denoted by \z\. Clearly 
r = | 2 | > 0 and r = 0 if and only if z = 0. Let z ^ 0 and let 9 be any angle 
such that 

cos 0 = -, sin 0 =-. (20) 

r r 

Then 0 is called an amplitude or argument of z. Clearly, the angles 9 ± 2n, 
6 ± 4tt, ... also satisfy (20). But there is a unique angle 0o which satisfies (20) 
and is such that - 7 r < 0 O < 7 r. 0 O is called the principal argument of 2 . Note 
that z — x + iy - r (cos 9 + i sin 9) and this last expression is called the polar 
form of z. For example, if z = -1 +i\/ 3, then r.= 2 and 0o = 27 t/ 3, and so 
z = 2[cos(27r/3) + i sin(27r/3)]. 

Definition: If n is a positive integer and w, z are complex numbers such that 
iy n = z, then w is called an n th root of z and we-say that w is a value of z . 

For example, w = (-1 + iV 3)/2 is a cube root-of 1 (i.e. a value of 1 ) 
because w 3 = 1. Similarly, UP, 9 are integers, q > 0, and w* = z?, then we 
say that w is a value of z p,q . 

Theorem 8 (De Moivre) If n is an integer, then 

(cos 9 + i sin 0J n = cos n9 + i sin n9. 

If p, q are integers and q > 0, then cos (p9/q) + i sin(p0/ q) is one of the values 
of (cos0 + isin0)«. 

Roots of unity: Let n be a positive integer. Then the n roots of the equation 


— 


= 1 are 


/ 2nr\ , . . /27rr\ 

^= c 0 S (^r) +ts,n W' 


\ ' ' • ' 

where r = 0 1 n - 1 and are called the n th roots of unity. These are all 
non-real except the root 1 when n is odd and except the roots 1, -1 when n ts 
even. It is easy to see that the sum of all the roots of unity is 0. 

Pmhlem 1 Let f(x) = x 2 + ax + b where a, b are real numbers. Prove that 
there exist quadratic polynomials p(x ) and q(x) (with real coefficients) having 
all roots real and such that /(x) = \\p(x) + flfa)]* 

Problem 2 If the equation X> + i-!)(* + >') = Wn, has roots r and r + 1, 

1=1 

find n. 


/ 
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Problem 3 Let a, 6 , c, d € R and p(x) = ax 3 + bx 2 + cx + d, a ^ 0. 

(i) Show that the cubic equation p(x) = 0 has one real and two purely imagi¬ 
nary roots if and only if 6 c = ad and ac > 0 . 

(ii) Show that all roots ofjhe cubic equation p(x) = 0 are real and two of them 
are equal but of opposite sign if and only if be = ad and ac < 0 . 


Exercise Set 2.1 


l Find numbers 


a, 6 such that the roots of x 2 + ax -I- b = 0 are a, b. 


2. Suppose q, a, 6 are integers and b ^ - 1 . Show that if a satisfies the 
equation x 2 + ax + b + l = 0 , then a 2 -f b 2 is composite. 

3. Find all positive integers a, 6 such that each of the equations 

x 2 - ax + b = 0 and x 2 - bx + a = 0 


has distinct positive integral roots. 

4. Let /(x) = ax 2 + bx + c be a quadratic polynomial with integral coef¬ 
ficients, where a ^ 0. Show that 

(i) if f(x) is factorisable into linear factors with integral coefficients, 
then there are integers d and e such that 


d + e = b and de = ac\ 

and (ii) if integers d and e can be found such that ( 1 ) holds, then 

f( x ) = ( Qar + d ) ( ax + e) 

9 a/g ’ 



where g is the g.c.d. of a and d and each of the linear factors has integral 
coefficients. 6 


5. Prove that if x 2 + px — q and x 2 - px + q both factorise into linear 
factors with integral coefficients, then the positive integers p and g are 
respectively the hypotenuse and area of a right triangle with sides of 
integer length. Show further that if 

x 2 + px-q = (x-a)(x-/3) and x 2 - px + q = ( x _ ^ 

where p, q, a, (3, 7 , S are integers, then a , /?, 7 , 5 are numerically the radii 
of the incircle and the three excircles of the triangle. 
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6 . If a ^ 6 , c ^ 0 and if the equations x 2 +ax+ 6 c = 0 and x 2 +far+ca = 0 
have a common root, then show that their other roots satisfy the equation 
x 2 + cx + ab = 0 . 


/ If 2(a + b + c) = a 2 4- P 2 + 7 2 , and the roots of x 2 + ax — a — 0 are 
/?, 7 and the roots of x 2 + fix — b = 0 are 7 , a, show that the equation 


whose roots are a, (5 is x 2 + 7 X - c = 0 


JJ. Find the cubic in x which vanishes when x = 1 and x = -2 and has 
values 4 and 8 when x = -1 and x = 2 respectively. 


9. Suppose oo, ai, • • • , a n are integers and ao ^ 0 and a„ ^ 0. Consider 
the polynomial 


f(x) = aox n + a\x n - a n -\x + a n . 

If p ^ 0, q > 0 are coprime integers and p/q is a rational root of the 
equation /(x) = 0, then show thatp|a„ and q\a.Q, and that if q > 1, then 
p — mq divides f(m) for any integer m. 

10. Prove that a polynomial f(x ), with integral coefficients, has no integral 
roots if /(0) and /(1) are both odd integers. 

11. Given that x = 2 is a root of 84x 3 — 157x 2 — kx + 78 = 0, find the 
value of k and the other roots. 


12. Find an integer root of 

(i) x 3 — 6x 2 4- 15x — 14 = 0 (ii) x 4 — 2x 3 — 8x 2 + 13x — 24 = 0. 

13. Find all integer roots of 

(i) x 3 4- 8x 2 4- 13x + 6 = 0 (ii) x 3 - 5x 2 - 2x + 24 = 0. 

(iii) x 5 - 29x 4 - 31x 3 + 31x 2 - 32x + 60. 

14. Find all rational roots of 

(i) 4x 3 - 16x 2 - 9x + 36 = 0 (ii) 2x 3 + llx 2 + lOx - 8 = 0 
(iii) 8x 3 + 36x 2 + 22x - 21 = 0 (iv) x 4 + 4x 3 - 7x 2 - 22x + 24 = 0 
(v) 12x 3 + 4x 2 - 53x + 30 = 0. 

15. Find the square-roots of (i) -16+30z (ii) 5-12z (iii) 7+24i (iv) 9+40z. 

16. Find real numbers a, 6 if x 2 + x +1 is a factor of 2x 6 - x 5 + ax 4 + x 3 + 
bx 2 - 4x — 3. 
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17. Find real numbers p, q if 1 + i is a root of x 3 + P* 2 + QX + 6 = 0. Also, 
solve the equation. 

18. Solve the equation # the given number is a root. 

(i) 2 x 3 - 7x 2 - 52x - 55 = 0, 3 - 2>/5. 

(ii) x A - 2 x 3 - x 2 - 2x - 2 = 0, 14 V3. 

(iii) 3x 3 — 7x 2 — 60x 4-140 = 0, 2\/5. 

(iv) x 4 - 4x 3 4 4x - 1 = 0, 2 4 v/3- 

(v) x 3 - 3x 2 - 6 x — 20 = 0, -14- iV3. 

(vi) x 4 - 4x 3 4- 5x 2 — 2x — 2 = 0, 1 - i. 

19. Solve the given system of equations : 

1 / 

(i) x 4 y 4 z = 1, xy + yz 4- zx — —4, xyz = —4. 

(ii) x 4- y 4 z = 1, x 2 + y 2 4- z 2 = 29, xyz = -24. 

(iii) x + y 4 z = -2, x 2 + y 2 + z 2 = 6 , x 3 + y 3 + z 3 = - 8 . 

(iv) x4y + z = 18, x 2 + y 2 + z 2 = 110, x(y 4 -z) = 65. 

(v) x-fy 4 z = -xyz, xy+yz+zx = - 1 , (l+x 2 )(l+y 2 )(l+z 2 ) = 20 . 

(vi) x 2 4 y 2 + z 2 = 6 , x 3 + y 3 - xyz = 4, xy + yz + zx - -3. 

20. Find numbers a, b, c such that the roots of x 3 — ax 2 4 - bx — c = 0 are 
a, b, c. 


21. Find a necessary and sufficient condition on real numbers a, b, c so that 
x 3 4 ax 2 4 bx 4 c = 0 has three real roots which are in arithmetic 
progression. (Ans. 2a 3 - 9 ab 4 27c = 0 and a 2 > 3b.) 


If q, /? are the roots of 2x 5x 4 — 0, find the simplest quadratic 
equation whose roots are a 4 1 /a, (3+1/(3. 


If a, (3 ,7 are the roots of x 3 4 px — q — 0, find the simplest cubic 
equation whose roots are a 4 (3,0 4 7,7 4 a. 


If Q i Pi 7 arc the roots of x 3 x 2 4 4x 4 7 = 0, find the simplest cubic 
equation whose roots are a 4 /?, 0 4 7,7 4 a. 


Find the polynomial of degree 3 whose roots are the cubes of the roots 
x 3 — x — 1 = 0 . 
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26. Let f( x ) be a polynomial with integer coefficients. If a, b, c are distinct 
integers such that f(a) = /( 6 ) = /(c) = - 1 , show that the equation 
f(x) = 0 has no integral roots. 

27. (i). If a, 6 , c, d are the roots of x 4 + x + 1 =*$), find the equation whose 
roots are 06 , ac, ad, 6 c, 6 d, cd. 

(ii). If a, 6 are two of the roots of x 4 + x 3 - 1 = 0, prove that ab is a 
root of x 6 + x 4 4 - x 3 — x 2 — 1 = 0 . 

2 Z. Solve the equation 4x 4 — 4x 3 — 13x 2 4 - 9x 4 - 9 = 0 , given that the sum 
' of two of the roots is zero. 


29. Solve the equation x 4 4- 2x 3 - 21x 2 — 22x + 40 = 0, given that the roots 
are in arithmetic progression. 

30. If the roots of x 3 — 5x 2 4- qx 4- 8 = 0 are real and are in geometric 
progression, then show that q = -10. 

'* 31. If one root of the equation x 3 4- 2ax 2 — 6 = 0, is equal to the sum of the 
other two, then show that a 3 = 6. 

32. If a is a non-real root of x 7 = 1, find the equation whose roots are 
a + a 6 , a 2 + a 5 , a 3 4- a 4 . 

33. Prove that if /(x) is a polynomial such that /(x n ) is divisible by x - 1, 
then /(x n ) is divisible by x n - 1. 

34. Let /(x), g(x) be polynomials having real coefficients such that F(x) = 
f(x 3 ) + xg(x 3 ) and F(x) is divisible by x 2 4- x 4-1. Prove that f(x) 
and g(x) are divisible by x — 1. 

35. Solve the system x 2 -yz = 3, y 2 - zx = 4, z 2 - xy = 5. 

36. Factorise (kx -y + z)(x + ky - z)(x - y - kz) -{kx + y-z){x- 
ky - z)(x - y + kz). 

37. For what integer a, does x 2 — x 4 ~ a divide x 13 4- x 4- 90? 

38. Let f(x),g(x) be polynomials with real coefficients. If f(x)g(x) — 
f(x 2 4* x 4-1) for all xeK, show that f(x) is of even degree. 

39. Prove Ptolemy’s theorem: Let ABCD be a cyclic quadrilateral in the 

plane of complex numbers. A,B,C,D are represented using complex 
numbers z\ , , 23 and z\ . Then, show that 

|(zi - z 2 )(z 3 - z 4 )| + |(^2 - * 3 X 24 - *i)| = |(2i - 23 H 22 - 24 )!- 
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40. If 1 and 2 +1 are solutions of x 5 -1 lx 4 + 46x 3 — 94x 2 -f 93x — 35 = 0, 
find the other solutions. 

41. Find the common solutions of the following equations: 
x 3 + 2x 2 + 2x + 1 = 0 and x 1990 -f x 200 -{-1 = 0. 


42. Solve (i) x 2 - [3x + 15| - 55 = 0. (ii) x 2 4- x + 3ix - 8 - i = 0. 

(iii) v/x 2 - 4x + 3 > 2 - x. 

43. Solve the system of equations x+y+z = a, x 2 -f = b 2 , xy = z 2 

where a and 6 are constants. Give the conditions on a and b so that x, y , z 
are distinct positive numbers. 




* 

• > he polynomial f(x) = x" + ai x"~ 1 + a 2 x"- 2 +... + a n _ n + a„ 

sulh Z g lf ll I’ 6 '* eX ‘ St f0Ur distinct ' n,e 8 ers a. t>, c and d 

k such tiltflk) L 8 ~ / C ~ f(d) = 5 ’ Sh0W ,hat there is no inte S er 

45. Determine all solutions in real numbers of the system 

x + y + z = w, i + I + I = i 
x y z iu 

46. Let at, a 2 ,..., a„ be non-zero real numbers and ft, k, h h- i 

numbers. Fmd the discriminant of the quadratic equation"”" 

(an - i>r) 2 + (a 2 x - b 2 f + ... + ( a „ x _ 6n) 2 _ 0 

What can you say about the discriminant? 

47. Determine all the triangles with integer sides such tha.» 

perimeter? ctl that area equals semi- 

4*. Ut a, 6, c be real numbers. Consider the equation 

(*-a)(*-6) + (x-6X*-c ) + (x _ c)(l _ Q) = o 

ftove that the roots of this equation are always real F..„r, . 

the roots are equal if and only if a = b = c. * J ‘ Further ’ sh °w that 
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2.2 Inequalities 

Among the basic properties of order relation in R, we have the following. 
For all a, 6, c G R, 

(I) Exactly one of the following is true: a < 6, a = 6, a > b. 

(II) If a < b and b < c then a < c. 

(III) If a < b then a + c < b + c. 

(IV) If a < 6 and c > 0 then ac < be. 


These properties imply the following important results. 


1. a > 0 and 6 > 0 =► ab > 0. 

2. a < b and c < 0 => ac > be. 

3. For every a € R, a 2 > 0, and equality occurs if and only if a = 0. This 
is equivalent to the following: 

(i) a ± 0 =» a 2 > 0, and (ii) a = 0 =$► a 2 = 0. 

4. If a, 6, c, d are all positive, and if a > b and c > d, then, 

(i) ac > bd (ii) ( afd) > (6/c). 

5. Let a > 0, b > 0 and m € N. Then a > b<& a m > b m . 

6. Let a > 0. Then f(x) = ax 2 + bx + c > 0, for all x G R if and only if 

b 2 - 4 ac < 0. 

We note that 


/(x) = a[(x+|) 2 + 


4ac - b 2 
4 a 2 



Examples 


1. If a > 0 then show that a + - > 2, with equality if and only if a = 1. 

a 

2. If n, 6, c, d are positive, then show that 

\/(a + c)(b 4 -d)> y/ab 4- Vcd. (1) 
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3. If a, 6, r > 0 and a + b + c » 1. then show that i + i + } > 9. 

4. If a, 6, r are positive, then show that (a + 6)(6 + r)(r + o) > 8 abc. 


Solutions 

1. This follows because the inequality is equivalent to (a - l) 2 > 0. 

2. Since all terms arc positive, the inequality is equivalent to that obtained 
by squaring both s ides. Hence (1) is e quival ent to (a + c)(6 + d) > 
ab + cd + 2\fabcd i.p. to ad + bc> 2 s/a bed 

i.e. to (Zad - /be) 2 > 0. (2) 


But (2) is true as square of any real number is non-negative. Hence (1) 
is proved. 

3. For, on dividing a + 6 + c = 1 by a, 6, c in turn, we get 

,6c 1 a , c 1 a b . , 1 

1 + —l— — r + 1 + r = r> ~ + ~ + 1 = “• 

a a a b b b c c c 

. ... Ill _ fa b\ /b c\ /a c\ 
Adding, - + - + - = 3+( r + -) + (- + r ) + (- + -J 
a 6 c \b a/ \c 6/ \c a/ 

> 3 + 24-2 + 2, by Ex.l. 


Note that equality occurs if and only if a = 6 = <?. 


c + a 
y/ca 


Ja Vb ^ _ a + 6 

7b + 7i- T 7s 


6 + o 


4. By Ex. 1, -% + > 2 or —}==■ > 2. Similarly, > 2 and 


■/be 


> 2. Multiplying these three inequalities the result follows. 


The Three Means: If a, 6 are positive real numbers, we define their arithmetic 
mean (A.M.), geometric mean (G.M.) and harmonic mean (H.M.) as follows 

A.M. = A = G.M. = G = +M H.M. = H = • 

Remark 2.1 Note that the H.M. is the reciprocal of the A.M. of the reciprocals 

2a6 

of the given numbers. Further, H.M. of a and 6 is We also note that 

the A.M. can be defined for any real numbers (not necessarily positive) but to 
define G.M. and H.M. we require necessarily positive real numbers. 
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Theorem 9 If a, 6 are positive, then A > G > H. Also, equality occurs if and 
only if a = 6. 

Proof: First let a ^ b. Then y/a. and Vb are unequal and so {y/a - Vb ) 2 > 0. 
Hence the identities A - G = - Vab — \{V^ “ Vb) 2 , G - H — 

/tt _ _ VQ^(\/Q ~ respectively show that A> G and G > H. 

a -f- b a + b 

If a— b, it is clear that A = G = H = a. 

Corollary: If a > b > 0, then a> A>G> H > b. 

Example 5 If a lt o 2 ,..., o n are all positive, then show that 

+ +O2 + - + 0n) ‘ 


Solution. Add the n(n - l)/2 inequalities 


VSS5 < 24 *. V555S 2^.-• • • 5 UJ! ^P L 

and note that in the sum on the right each o, occurs n - 1 times. 

[For example, for n = 4, we have to consider 6terms: 

,/oToj, VSToJ, V55S- s/ 555 *’ v^ 04 ' 1 

If a, a„ are n positive real numbers, we define their arithmetic mean 
A„. ^metric ™an G„ and harmonic mean H n as foUows: 

A n = 21+^-+^, G„ = (a,as • • • <*») 1/n . «. = '1+ .". + £ 

We observe that one can have a remark similar to Remark 2.1 hem. We also 
have the following generalization of theorem 9. 

Theorem 10 If oi,..., a„ are positive real numbers, then 

1 An ^ — Hni 

and equality occurs if and only if a x = a 2 = • • • = °n- 

Proof: First we prove by induction n n'= ^Assume *e 

only if all the n numbers are equal The result that ^ 

result for n = m - 1. Suppose 0 < «, < 

result is true if o, = o m . Suppose a, < a m . Then clearly 

ma\ < ax + a.2 + • • • + a ™ < mflm ’ 
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so that oj < A m < n m Hence 

4 ^m( n l ®m **^m) Wl^m ~ (Oj “ Cm) ^ 0 

and so 


(i i + n hi /Ifn > 


a i (J 




(3) 




Now since the A.M. of the m - 1 numbers a 2 ,... ,a m _i,a! + a™ - A m is 
A m , we have by induction hypothesis, 

— ^2 • • • 0 m —1 (oj -f - (l m ^m) 


> a-j...a n ,_i 


«|Om 


[by (3)1 


l m 


Hence A™ > a x a 2 .. .o m i.e. A m > G m . 

Thus the result is true for n = m and the induction is complete. We also 
observe that when the a,’s arc unequal, the arithmetic mean is strictly greater 
than the geometric mean. Hence, if the arithmetic mean and the geometric 
mean are equal then all the o/s must be equal. 

Finally, applying this result to the n positive numbers 1/ai,..., l/o„ we 
see that G n > H n , with equality if and only if aj — ... — a n . 

Example 6 If 6i,..., 6 n is a permutation of the n positive numbers ai,..., a n , 
then 

oi 02 a n 

7 -r t -r ... + 7— > 71 . 

0\ 02 b n 

Solution. Using AM-GM inequality for the numbers ..., we get 

Example 7 Let x, y, z be positive real numbers satisfying x+y+z = l. Prove 
that 

*y(* + y) 2 + yz(y + z) 2 + zx(z + x) 2 > Axyz. 

Solution. Asx + y + 2 = l,the given inequality holds if and only if 

*y(l - *) 2 + y*(l - *) 2 + zx(l - y) 2 > 4 xyz 
if and only if xy + yz + zx - 6 xyz + xyz 2 + yzx 2 + zxy 2 > 4 xyz 

if and only if - + i + -+ x + y + z>10 
zxy 

if and only if - + - + i>9or ^ > y r ~7 . i 
xyz 3 t+*+t 
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which is true since x + y + z — 1 and A.M. > H.M. applies. 

Theorem 11 Let a, 6 be positive real numbers and a,i3 be positive rational 
numbers such that a + 0 — 1. Then D » 

^ 

qo + /?6 > o ■ 6^,— -- V ( 4 > 



and equality occurs if and only if a — b. ^ ^ 4 , - 

Proof: We may assume that a = r/u, = s/u where r, s, u € N. Then 
a + (5 = 1 gives u = r + s. Applying the A.M.-G.M. inequality to the r + * 

numbers 


Ol = 02 ==... = «r = o, Or+l-“ 


= fe. 


we see that 


ra + sb 
r + s 


> («' 6 *) 


1 /(r+a) 


i.e. aa + (3b> a Q - b 3 , with equality if and only if a = 6. 

Note. 

(i) With the notation of theorem II, if c., (3 are given and a, 6 ™y «> that 
aa + b0 = c ^constant, then (4) shows that the product o° h 3 attains its 

maximum value, c, when a = b = c. 

(ii) With the notation of theorem 10, if ai,..., o n vary so that 

Gl + ... + a„ = c, then, > G n implies that the product a,a 2 ... a, 

attains its maximum value, (c/n) n , when a x = ... - o n - c/n. Simi¬ 
larly, ifaia 2 ... a n = c, then A n > G n implies that the * ,+aw 

attains its minimum value n • c ,/n , when ai = . v = On - c . 

/ Cauchy-Schwarz Inequality: 

For any real numbers a. b, c, d, we have the identity 

(a 2 + 6 2 )(c 2 + d 2 ) = (ac + bdf + (6c - ad) 2 . (5) 

Now suppose that c and d are non-zero. From (5) we obtain the inequality 

(n 2 + 6 2 )(c 2 + d 2 ) > (oc + 6d) 2 , W 

because (6c - ad) 2 > 0. Also equality holds in (6) if and only if 

i , a b 

(be - ady = 0 or be = ad or - = 


// 

a 
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Theorem 12 Let o, and 6 , (t = 1 ,..., n) be any real numbers. Then 

(dj + ... + fl^)( 6 2 + ... + b„) > (oi^l + • • • + 2 \ (7) 

*v V ^ Vi 

and equality occurs if and only if either , « ( / j K 1 * |) 

1. all the o,’s are zero or a , /s“ ^ 

* ' 

2 . all the 6 j’s are zero or 

3. the di’s are proportional to the bi's i.e., there exists k ^ 0 such that 

aj = kb t for all *. I 

* / 

Proof: We have the identity 

( fl i + * • ‘ + a n)(&? + * • * + b 2 n ) -l(a\b\ + • • • + a n 6 n ) 2 
= (0162 - a 2 6 i ) 2 + (ai 6 3 - a 3 6 i) 2 !+ ... + (a n _i&„ - a n 6 „_ 1) 2 ( 8 ) 

This is called Cauchy-Lagrange identity. From it ( 7 ) follows immediately and 
turther, equality occurs in ( 7 ) if and only if 

0163 - a 2 b l = ... = a n _ 1 6 n - = 0 . 

““ T J t>e " ri " en “ the set of conditions in the statement of the 
theorem. (7) is called Cauchy-Schwartz inequality. 

Remark 2.2 Another proof of Cauchy-Schwartz inequality follows usinu ex 
etc.se 46 from exercise set 2.1. We observe that the discrimWLTJ ZZ 
equal to 0. By actual computation of the discriminant, we get Cauchv Srhw « 
inequality. One may also prove the 

pie of mathematical induction.) ^ 8 princi- 

Example 8 If a, b, c are positive, then 

(a 2 b + b 2 c + c 2 a){ab 2 + be 2 + C a 2 ) > 9 a 2 6 2 c 2 . 

Solution. This follows from ( 7 ) if we put 

a 2 = a 2 b, a\ = b 2 c, a 2 = c^a, 6 2 = 6 c 2 , 6 2 = ca 2 , 6 2 = a b 2 , 
n = 3, where wd take a { , 6 * to be positive. 

Example 9 If ci,..., c „ are positive real numbers, then 


I 

I 


(?>)(£*)*- 

‘ = 1 t=l 1 
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Solution. Put di — y/ci and bi = -^r in (7). 

Example 10 For real numbers x, y, z, prove that 

U + 3 + eJ -T + 3 + 6’ 

with equality only when x — y — z. 

" Solution. Equivalently, we have to show that 

(3x + 2p + a) 2 < 6(3z 2 + 2y 2 + z 2 ). 

This follows by applying the Cauchy-Schwarz inequality to the sequences 

x, x , x, y, y, z and 1, 1, li 1» 1* 

•^Theorem 13 (Tchebycheff’s Inequality) If a,,a 2 ,... ,<i„ and 
bi, 62 ,...» b n are any real numbers such that 

a\ > a 2 > • ■ • > a n and &i > f>2 > • • • > b n ^ 


then 


( 10 ) 


Q! 4- ... + a n bi + . ■ ■ + b n < aih + ... + anbn 
n ' n ~ n 

where equality holds if and only if either all the o’s are equal or all the 6’s are 

equal. 

Proof: We have the identity 

»z> - (£ “■) (£» - 5 £ £> - 

,=1 i= 1 i=1 t=lj=l 

To prove this, note that 

£2> - a ^ b > - »i )=££ [ aA +- a<tj - aj6 '] (l2) 


-hj) (ID 


1=1 j= 1 


1=1 j=l 


Now = t: a A ~ n XZ fl| ^ 

t=ij=i *=1 j =i *“ i 

and Y2lt, aib J = = (H a 0(^ 6j )' 

1=1 jssl 1*1 <*t J- 1 

Using these relations we get (11) from (12). 


n n 
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Now if i < j or if i > j , then 

(a, - a j)(bi - bj) > 0, 

since both the factors are > 0 or both are < 0 by (9). Hence the right side of 
(II) is > 0 and so (10) follows. Now suppose that at least two a’s are unequal 
and at least two 6’s are unequal. Then by (9), ai > a„ and 6i > b n . Hence 
(ai - a„)(6i - 6 n ) > 0 and so the right side of (iii) is > 0 and hence there is 

strict inequality in (10). 

Corollary : Taking a, = 6, we see that 

(ai + ... + a„) 2 <n(a? + ... + a 2 ), O 3 ) 

where equality holds only when all the a’s are equal. 

Remark . Assume that ai,..., a„ be any real numbers. Note that from (13) 
we get 

ai+... + a„ )(a\ + ■ • • + a 2 ) /j 4 \ 


/ 2 2 

/ a t + ... + a ? ca y e( j root-mean square (RMS) of the given numbers and 

the inequality (14) is called as RMS-AM inequality. 

Remark . If ai, a 2 ,..., a n and 61 , 62 ,..., b n are any real numbers such that 

a\ >a.‘2>...>a n and 61 < 62 < • • • < b n ( 15 ) 

or ai < a 2 > ... < a n and 61 > 62 > • • • > b n ( 16 ) 


ai + ... + a n b\ + ... + b n ^ CL\b\ + . 4- a n 6 n , t n\ 

-- — _ > (1' ) 

n n n 

where equality holds if and only if either all the a’s are equal or all the 6’s are 
equal. 

Remark . Let r > 3 be any integer. Then if we have r decreasing sequences 
of non-negative real numbers, say 

fli ^ fl 2 ^ 

61 > 62 > • • • > b n > 0, 


li tZ h ^ * ’ • — ^ 0 , 
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then by repeated applications of theorem 13, we get 

£ a £*> T , 1 ^ E ( abc ‘"0 

— • — — ■ ■ • • • - . ^ - 

n n n ~ n 


(18) 


where equality holds only when (r - 1) of the r sequences are constant se¬ 
quences. In particular, 



(19) 


Further, let p, q, r ,... be a finite sequence of positive real numbers whose sum 
is m. Then applying (19) to the sequences 

„P „P n 9 n Q n r n r 

u 2’ • • • > u l» • • • > u l> u 2’ • • * 


\ 


we get 


I> p £a 9 £a r ^ E a 

- - - ■ — • - • • • S - 


m 


n n n n 

where equality holds only when all the a’s are equal. 


( 20 ) 


n 


Example 11 Let a\ < <22 < • • • a n be n real numbers such that = 0. 


j =1 


n 


Show that naio„ 4- ^ a? < 0. 

3 =1 


Solution. For 1 < j < n, put a,- = ai -1- r,-. Then 0 = ri < 1*2 < • • • < r n , 
and ri + r 2 H-1- r n 4- nai = 0. Now, 



n 


Hence, na\a n + y 
3 =1 


= £(<*1 + *v) 2 = na\ + 2ax 52^+^ r? 
j=i j=i j=i 

n n 

= naj+ 2ai(-nai)+ ^r 2 =-na 2 + 

j=i j=i 

n t 

= nai(a„-ai) + ^r? 

= (-!>>"+E r j=E r i( r i - r «) < o- 

j=i j=i j=i 
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Example 12 If a, 6, c, d, e are real numbers, prove that the roots of 

x 5 + ax 4 + bx 3 + cx 2 + dx + e = 0 



cannot all be real if 2a 2 < 56. 

Solution. Suppose ail the roots a* (t = 
real. Then £ = ~ a an ^ 52i<j a » a i 


1,2,..., 5) of the given equation are 
= 6. Hence 






a 2 = (£ at) 2 = E “i + 2 H H Q * ? + 


26, 


No*, 


«<J 


so that £qJ = a 2 - 26. But by (13) above, C«i) 2 < 5 E a * ? - So ’ ( _a ) 2 “ 
(£oti) 2 < 5(a 2 - 26) or 106 < 4a 2 or 56 < 2a 2 . 


Example 13 Prove that if a, 6, c are positive then 

9 

bc(b + c) + ca(c + a) 4- ab(a + 6) < 2(a 3 + 6 3 4- c 3 ). 

Solution. By the symmetry of the result we may assume that a > 6 > c. Then 
by Tchebycheff’s Inequality, we have 

(a + 6 + c)(a 2 +b 2 + c 2 ) < 3(a 3 + 6 3 + c 3 ), 


from which the result follows. 


Example 14 If a, 6, c are distinct positive numbers, show that 

a 8 + 6 8 + c 8 111 

a 3 bPc? a b c 

Solution. By (15) above [extension of theorem 13], 


, a 8 + 6 8 + c 8 . 
v q / 


( CL -+■ 6 + C^8 
V q / 


> 


(v'a6c) 


6 X) fl2 + 2 Yj ab 


> ( abc ) 


2 3 (£> 6 ) 


Weighted means. The ordinary A.M., G.M. and H.M. are special cases of 
the weighted mean which is denoted by M r (a) or il/ r (a,p) and is defined as 
follows: 

Let pi ,..., p n and a x ,..., a n be positive real numbers and let r be a real 
number. Then for r ^ 0, we define 


A/ r (a) = A/ r (a,p) = ( 


p x a\ + ••• +Pn«n 
Pl H-- + Pn 
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For/'«f 0, we define A/o(a,p) to be the generalized G.M. thus: 

A/o(a,p) = (a?'a?..-<") 1/P ", 

where “ Pi + • * ■ +Pn- Here the p,’s are called the weights associated with 
the a»’s. 


In particular, putting r = 1, pi = ... = Pn = l, W e see that 

v* 

Mi(a,p) = ^l + .. - + a n t M _ i(ap) , + 


n 


n 



are the ordinary A.M. and H.M. Also, the number 


il \ 1/2 

Pi + * * • + Pn 

is called the generalized root-mean square. Clearly, if r > 0, then 

,~ r v-l/r I 

Pl + -*-+Pn • > = M r (I, P ) 


RMS = Mj(a,p) = (P |a i + "'+P^n\ 

V Pi -I-1- p„ / 


M_ r (a,p) = (P' a i r + ---+Pn°n r \ 

V Pi H -h p n • / 


We state the following result without proof. 

Theorem 14 Let pi,... ,p n and ai,...,a n be positive real numbers and let 
r, s be real numbers. Then, if r < s, then 

M r (a) < M s (a), 

where equality holds if and only if all the a,’s are equal. In particular. 


i.e. 


(■ 


Pi + 


M- i(a) < Mo(a) < Mi(a) < A/ 2 (a), 
i.e. H.M. < G.M. < A.M. < RMS, 

+ Pn \ ^ / Di Di « \1 / P n 


Pi a i -Fp n a n 


rr)< (a? 1 «?•••<■) 

n ' 


< ( Piai + “• +Pna n \ < / PiQ? + 4-Pnfln \ 1/2 

\ Pi H-1- Pn / ~ \ Pi H-h Pn / 


Example 15 If a, 6, c are non-negative real numbers such that a + 6 + c 
then show that 

a b c 

+ —-+ 


= 1, 


>1 


1 + 6c 1 + ca l + a6"*10 
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Solution. The result clearly holds if one of a,b,c is zero. So let o,b,c be 
positive. Since a + 6 + c = 1, by AM-GM inequality, 

I = Q + 6 ±f > Vdbc or l > 3 abc. 

3 3“ 9 

1 9 n 

Hence-> — . Now on letting r = 1, n = 3, 

nc ' 1 + 3a6c “ 10 

1 1 , 1 • 

Pi =a,p 2 = 6,P3 = c,oi = Y+te' a2 - 1 + ca 8113 1 + a6* 

and noting that pi + P 2 + P 3 = a + 6 + c = 1, theorem 14 gives 

Mi (a) > M_i(a), i.e. 

f Pldl + P 2 Q 2 + P3Q3 \ > / Pi + P 2 + P 3 _\ 

J —i- nn/)_ ^ - 1 - Tlofln ' 


' Pi + P2 + P3 
abc 


^Plflf 1 +P2^2 ‘ +P3 a 3 

_ t 6 , c ^ _1__ 

l + 6c + 1 + ca + 1 + ca - o(l + 6c) + 6(l + ca) + c(l + ah) 

1 + 3a6c 10 


.-1 


F/ramplp 16 Let x, y, and z be non-negative real numbers satisfying i + y + 
z = l. Show that 

x >y + y* z + z * X <-, 

and find when equality occurs. 

Solution: By cyclic changes, if necessary, assume that y is between x and z. 
Then (y - x)(y - z) < 0 < xy. So (y - x)(y - z)z < xyz and adding x 2 y, 
to both sides we get 

x 2 y + (y - x)(y - z)z < x 2 y 4- xyz 

x 2 y + y 2 * + < x 2 y + y* 2 + 2xyz = y(x + z) 2 = (i - y) 2 y 

< 1 r i( 1 -y) + 2( 1 -y) + y i 3 4^ 

L 3 J — 27’ 

by the A.M.-G.M. inequality, when 0 < y < 1. 

Example 17 If a, b , c are real numbers with a < b < c and 


a + ii + c = 6, 

ab + be + ca = 9, 

then prove that 0<O<1<6<3<C< 4. 
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Solution, we have 


a + b + c = 6, (21) 

ab + be + ca = 9. (22) 

Substitute a + b = 6- cin (22) to get ab + c(6 - c) = 9. Hence, 

a6 = (c — 3) 2 . (23) 

[We get the perfect square on the right side of (23) because of the particular 
numbers 6 and 9 in (21),(22).] Similarly, 

ac = (b - 3) 2 , (24) 

be = (a — 3) 2 . (25) 


Now c > 0, by (21), since a < b < c. Ifa = 0, then c = 3 by (23) and 
b = 3 by (24). This is false since b < c by data. Hence a/0. Similarly, 
b ± 0. As a 7 ^ 0 and c ^ 0, ac = (b — 3) 2 ^ 0 and so ac > 0. Hence 
a > 0, as c > 0. As, b > ab is positive. Multiplying (23),(24),(25), we have 
(a — 3) 2 (b — 3) 2 (c - 3) 2 = a 2 6 2 c 2 . Hence, 

(a—3)(b—3)(c—3) = abc+9(a+b+c)-3(ab+bc+ca)-27 = a be > 0 (26) 

Since 0<a<b<c,b>3=»c>3, and this contradicts (21). Thus 6 < 3. 
Hence 6 — 3<0, a — 3<0 and so c — 3 > 0, by (26). Thus c > 3. 

If b < 1, then a < 1 so that ab < 1 and so (c - 3) 2 < 1, by (23). Hence 
2 < c < 4. But then a + b + c < 1 + 1 + 4 = 6, contradicting (21). Hence 
b > 1. If a > 1, then ab > 1 and so (c - 3) 2 > 1. by (23). Then either c < 2 
or c > 4. If c < 2, then we get a < 2 and b < 2, contradicting (21). If c > 4, 
then again (21) is contradicted since a > 1 and 6 > 1. Thus 

0<a<l<6<3<c. 

If c > 4, then (c — 3) 2 > 1 and so ab > 1, by (23). Hence a + b > 2\/ab > 2, 
so that a + 6 + c>2 + 4 = 6, contradicting (21). Hence c < 4. 

Example 18 If a, b, c, d are all positive real numbers, prove that 

!_ 1 1 111 1 1 

a 3 b 3 + c 3 + d 3 ~ a6c + bed + eda + dab’ 
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Since a, 6, c, d are all positive real numbers, by A. M.- G. M. inequality, we 
8 * 

1 I, I> JL l, I, I> J_ 

a 3 ft 3 c 3 ~ a6c’ a 3 fe 3 tf 3 ~ aM’ 

1 1.1 ^A I 1 1 >A 

a 3 + c 3 ^ rf 3 "* acd bP c 3 <f 3 ” 6cd 

Adding the last four inequalities and dividing both the sides by 3 we get 
the result. Moreover, equality holds it any only a = b = c = d. 

Example 19 If a, 6, c denote the three sides of a triangle, prove that 

a(b - c) 2 + b(c - a) 2 4* c(a - b) 2 + 4 abc > a 3 + b 3 + c 3 . 

Solution. One observes that if a, 6, c are sides of a triangle then 

a + 6>c,b + c>a and c +a > b. 

« 

We have 


a(b - c) 2 + b(c - a) 2 + c[a - b ) 2 + 4a6c - [a 3 + b 3 + c 3 ] 

= ab 2 + ac 2 + be? + ba 2 + ca 2 + cb 2 - 2abc - a 3 — b 3 —c 3 
= c?(a + b - c) + ab(a + b - c) + ca 2 + cb 2 — uuc - a 3 -b 3 

= c?(a + b-c) + ab(a + b - c) + (a 2 + b 2 - ab)(c -a-b) 

= (a + b — c)[(? + ab - a 2 - b 2 + ab] 

= (a + b - c){c? - (a - b) 2 ) 

= (a + b-c)(c + 6- a)(a + c-6). 

As a, b, c are sides of a triangle, each factor is positive. Hence the required 
inequality is also valid. 


Example 20 If x, y, z are positive real numbers such that x > y > z, prove 
that 


x 2 y ( y 2 z t z 2 x 
z x y 


> x 2 + y 2 + z 2 . 


Solution, As x > y > a, let 2 = a, y = a + b, x = a + 6 + c where b, c are 
non-negative. Then the given inequality is equivalent to 
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x z y 2 4- y 3 z 2 + z 3 x 2 > x 3 yz + y 3 zx + z 3 xy , 
i.e. to x 3 y{y - z) 4- z 3 x{x - y) > y 3 z{x - z), 
or to (a + b 4- c) 3 (a 4- b)b 4- a 3 c(a 4- 6 4- c) > a(a 4- b) 3 (b 4- c), 

or to [(a 4- b) 3 4- 3c(a 4- b) 2 4- 3(a 4- b)c 2 4- c 3 ](ab 4- b 2 ) 

4- a 3 c(a 4- b + c) > ab(a 4- b) 3 4- ac(a 4- b) 3 , 
or to ab(a + b) 3 + b 2 (a 4- b) 3 4- [c 3 4- 3(a 4- b)c 2 ](ab 4- b 2 ) 4- 2^bc 

+ 9a 2 b 2 c 4- 9ab 3 c 4- 3b 4 c + g?c + a 3 bc 4- 3a 3 c 2 
> ab(a 4- b) 3 4- o 4 c 4- 3a 3 bc + 3a 2 b 2 c 4- acb 3 , 

which is true since the underlined terms on the left side together contain all the 
terms on the right side. 

We now state the Rearrangement Inequality (RI for short) as follows: 

Theorem 15. Let ai < <12 < • • • < a n and bi < b 2 < • • • < b n be real 
numbers. Let (a) denote the ordered n-tuple (ai,a 2 ,. • •,fln)- Then for any 
permutation (a') =(a' 1 ,a' 2 , • • • , a'J of (a), we have 

fllbn + fl2bn-l + • • ' + CL n b\ < O^bi + 0^2 + * * * + (1) 

and 

a^bi 4- 4- • • • 4- o! n b n < aibi 4- a 2 b 2 4- • • • 4- a n b n (2) 

[Thus RI says that the sum £ a »b* * s maximum when the sequences (a) and 
(b) are similarly ordered and it is minimum when they are oppositely ordered .] 

Equality holds in (2) if and only if 

(a' fc - aj)(bk — bj) > 0 for all where 1 < k < i < n. 

[ Thus when a' k > a' 0 the condition (a' fc -aj)(bfc - bj) > 0 forces the difference 
bit - bj to be zero since bk - bi < 0. ] 

Similarly, equality holds in (1) if and only if 

(—ai 4- a')(bfc - bj) > 0 for all k, i where 1 < k < i < n. 
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Example 21 Prove that for all positive numbers a, 6, c, 


a , c ^ 3 

+ — +-- > -• 


6 + c c + a a + 6 2 

Solution: Since the inequality to be proved is symmetric in a, 6, c, we may 
assume that a < b < c. TTien we get a + b < a + c and a + c < b + c. Hence 
we 8 et 5+5 ^ ^ 5 +c - Now by the rearrangement inequality, we get 


b - 


a 


a * 


b 


a + 6 a-fc b + c > a + b + a + c **" 6 + c’ 

c 6 a > 6' 0 _j_ c 

a + 6 a + c 6 + c “ a + 6 a + c 6 + c 

Adding these we get 


[ —~r 4- 

b 

4* 

“ 1 

>ra + 6 

c + a ^ 

6 + c‘ 

La 4- b 

a + c 

6 + cJ 

La + b 

a + c 

6 + c. 


= 3, 


from which the result follows. 


Example 22 If x, y, z are positive real numbers such that x 2 4- y 2 + z 2 = 1, 
prove that 

_ 3\/3 


E = 


X y z 

+ T~^ + 


1 - x 2 1 - y 2 1 - 2 2 - 2 

Solution: By the RMS inequality we have 


~~<x 2 + y 2 = l-z 2 


so that 


2z 


Hence it follows that 


E> 


2x 


+ 


2 2 / 


(y + z) 2 ' (-2 + x) 2 + (r + y)2 * 

By the Cauchy-Schwarz inequality, 

(x + y + 2)f—^-T2 + 7—+_f_^ 

V (V + z ) (* + *) 2 (x + y) 2 J 

> (-2-+-JL. + _£\ 

V y + z 2 + x X + y/ 
By Example 21 above, for x, y, z > 0, we have 


.1 - Z 2 (x 4- y) 2 
22 


( 1 ) 


( 2 ) 


x + -JL.+ * 


>4 


V + z z 4- x x 4- y ~ 2* 


(3) 
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Further, by the RMS inequality we have 


( 1±JL±± ? < 


i 2 + y 2 + z 2 


1 

3 


3 ' " 3 x 

=* x + y + z<sft => 

Hence (1) gives, using (2),(3), that . 

2 / x y + z \ 2 
^ ~ x + y + z\y + z z + x x + y) 

= £ (!)’-¥■ 

Example 23 If a, b, c are positive real numbers, prove that 

\/a + b + c 4- y/a y/a + b + c+ Vb 
b + c c 4- a 

\/a + b + c + \/c 9 + 3\/3 


-4. (4) 


+- 


a + b 


2va + b f c 


Solution: Let s = a + b + c and x = a/s, y = b/s, z - c/s. Then the given 
inequality can be written as 

v /s + v /a y fs + >/b y/s + t -y/c > 9 + 3^3 

b + c c + a a -t- b ~ 2 y/s 

and on multiplying by y/s, 

s + y/sa s + \/sb | s + y/sc > 9 + 3\/3 ^ 

b + c c + a a + b 2 

hence on dividing each numerator and denominator on the left by s, 

1 + y/x + 1 + y/V 1 + y/z 
y+Z z+x x+y 

or since x + y + z = 1, 

1 + y/x 1 + y/y 1 + y/z 
1 — x 1 — y 1—2 


9 + 3\/3 


9 + 3\/3 


( 1 ) 
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Now [(1 - x) + (1 - y) + (1 - 2 )] = 3 - (i + y + *) = 2 and so by the 
Cauchy-Schwarz inequality, 

((l-«) + (l-*) + (l-*))( T i i + r ^ + r ^) 2 (1 + 1 + 1)*. 


11 1.9 

or --+ i-+ --> 7i- 

1 - x 1 - y 1 - z 2 


Also, on replacing x, y, z by y/x, v /y, yfz in Example 22 above, we have 

y/% , >/y . y/z . 3\/3 
1 -x 1-y + 1 --z ~ 2 * 


Adding (2) and (3), we get (1). 


Exercise Set 2.2 


-L bp /fl 4- fi \ 3 

1. Show that, if a, 6, c > 0, then (i) —-— > ^ - -- ■ j 


a2 + fe2 ^ (a + b \ 2 a 2 + 6 2 + c 2 /a + b + c \ 2 
(U) 2 - (—) (U1) -3- S (“I—) ■ 

2. Show that, if a, b, c, d are positive then 

ab [ cd ^ (a + c)(6 + d) 
a + 6 c+d~ a+6+c+d 

3. If fli, fl 2 i • • •» 3 tg positive and if 0 , 10,2 • •. o,n 1, then show that 

(1 + a i)(l + ^ 2 )... (1 + a n ) > 2 n . 

4. If p, q > 0 and p + q — 1, show that ^p + - j + ^ 2 > 

5. Show that for every integer n > 2, 

(i)n!<(a±l)" (ii) 1-3 • 5... (2n - 1) < n" 

(i») £?„, v'ffl < vM*" - D- 

6. If p, 9 are real, prove that any real root a of x 3 + px + g = q satisfies 

p 2 — 4aq > 0 . 
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7. If «i,...,a n arc positive numbers less than 1 and S„ = <*i H-h <*n. 

then show that 

1 — < (1 ~®l)(l ~ U 2 ) • • • (1 — °n) ^ j § ' 

e» 40 

8. If x.y,:arc all positive real numbers, then prove that 
x(l + y) + y(l + 2 ) + 2(1 + x) > 6Jxyz. 

9. Let xi,X 2 ,... ,x„ be real numbers. If ii + X 2 + • • • + x n < 1/2, each 
x, > 0, prove that (1 - Xi)(l - X 2 )... (1 - x n ) > 1/2. 

10. (a) Let aj,... On be any real numbers. Using the fact that 

(najt - EJLj a*) 2 > 0 for each k, verify that the square of the 
A.M. of ai,... a n is < the A.M. of the squares of a!,... a n . 

<b> < ii) If a, 6. c. d, e are real numbers such that a+6+c+d+e = 8 
and a 2 + tr + c 2 + d 2 + e 2 = 16, determine the maximum and 
minimum values of e. Show that they are attained. 

23 Functional Equations 

In this section, we discuss some functional equations. The different techniques 
used to solve functional equations are illustrated with the help of solved exam¬ 
ples. For further discussion, refer to the book written by B. J. Venkatachala 
listed in the bibliography. 

I If / : R —► R is a function satisfying the properties 

(>) /(-*) = “/(*)> (“) /( x + !) = f l x ) + 

(iii) /(1/a:) = /(x)/x 2 for x ^ 0, prove that /(x) = x, for all x G R. 

2. Find all polynomials P(x) such that P(F(x)) = F(P(x)), P(0) = 0, 
where F(x) is a jpven function satisfying F(x) > x for all x > 0. 

3. Prove that /(n$= 1 - n is the only integer valued function defined on 

integers such Aat 

(i) /(/(n)),fn for all n € Z and 

(ii) /(/(n Jf2) + 2) = n for all n 6 Z and (iii) /(0) = 1. 

4. Determine all the functions / : R —♦ R such that 

/(x)/(y) - f(xy) = x + y for all x,y e R. 
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Solutions 

1. The identity function f(x) = x , clearl) satisfies the given conditions. 
Conversely, let f he any function which satisfies these conditions. 

Putting x = 0 in (i) we get /( 0) = 0. Let x > 0. Replacing x by - in 

X 

(ii) we get 

f i^r) = '( 1+ ;W© + 1 -?/(*> 

= (m-^) 

(~) [ “ $ThI)i /(x + V + l] [by (iii)J 

v x ) l 1 (JTTj^J [by(n) l- 


Hence, 


X \ X ) X 2 X 2- 


■ ‘ - x > lf x > 0. If X < 0, then -x > 0 and so f(- x ) - ~ 

H-e by (i , ,(*) , = -(-*) . Hence °f&\ =l,7o^ 

° f ' ^ ^ 861 ° f " s ' we have follow- 

Let / : Q - R be a function which satisfies the above conH.v 
Putting x = 0 in (i) we ect f(n\ - n /•% • e con <htions. 

f ' ? ~ °- By (l) 11 ,s e °ough to prove th af 

J\ x ) = x for every positive rational x. & pr0Ve 1,131 

By (ii) it follows by induction on n that V x <= Q and V n e N 

f{x + n) = f( x ) + n , 

In particular. /(„) = /( 0 + „) = /«» + „ = Hence by (ill) Vn € ", 

f O = ff/W -5-5- (v) 
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Next, Vm,n £ N, (iii) gives 

'(?) - SO 

Now, by induction on m, we prove that V m, n € N, 


/( 


m\ _ m 
n / n' 


(vi) 


(vii) 


This is true for m = 1 by (v). Now let m > 1 and assume that 
f(m' In) = m'/n for all m' < m and all n. Then for a given inte¬ 
ger n we have either (1) n < m or (2) n > m. If (1) holds, then y 
induction hypothesis, /(n/m) = n/rn and so by (vi), /( m A0 ~ m / n * 

If (2) holds, divide n by m to get n = mg + r, 0 < r < m. Then 


o - /(«+a-o«^ wi 

= — + q [as in case (1)] = —• 

m 7,4 


(viii) 


Hence (vii) follows. 

2 Let F(0) = ao. Then P(a„) = P(F(0)) = F(P(0)) = F(0) - 

ao > 0. Let F(oo) = a„ Then, as before, P(»i) - at and o, ><■<>• X 
induction if F(a„) = a n+ t then F(a„) = a„ anda„+i >_°n- 
means that the polynomial equation P(x) - x = 0 has infinitely many 
roots ao.ai, • • • Hence P(x) - x = 0 for all«. i.e. P(x) = *. 

^ Thp function f(n) = 1 - n clearly satisfies conditions ( 1 ), (u) and (m). 
inversely, suppose a function / : Z - Z satisfies (i), 00 and (■■*)• 
Applying / to (ii) we get, 

f f f f f In + 2) + 2))) = f{n) 


and this gives, because of (i), 

f(n + 2) + 2 = /(n), (,v) 

for all n € Z. Now using (iv) it is easy to prove by induction on n that 


for all n £ Z, 


r /(0) - n, if n is even 
/(«) = | + if n is odd 


Also by (iii). /(0) = L Hence by (i)./(I) - 0. Hence/(n) 1 n 

for all n € Z. 
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4. We have, 

% * i 

« 

f(x)f(y) - f[xy) = x + V for all x,y£ R. (v) 

Put x = y = 0 in (u). Hence, /(0)/(0) - f(0) — 0. This implies that 
/(0) = 0 or /(0) = 1. If /(0) = 0 then f{x)f( 0) - /(())* ~ x + 0. 
Hence, x = 0 for all x € R, a contradiction. Hence, /(0) = 1. 
Substituting y = 0, in (v) we get f(x)f(0)-f(0) = xi. e. f(x) = x+1. 

If we substitute/(x) = x + 1 in (v), we get (x + l)(y +1) — ( xy+1 ) = 
x + y. Hence, /(x) = x 4-1 is the only solution of (v). 

Example 5: Show that if n = 2,3 (mod 4), it is not possible to get a rearrange¬ 
ment (xj,...,x n ) of (l,2,...,n) such that |xi - 1|, |x 2 - 2J, ...,|x„ - n\ 
are all distinct. 

Solution. Note that |x< - i\ = ±(x f - i) s {x { - i) (mod 2), and so 

n n n 

y. i x t - *i = y Xi - *=o (mod 2). 

t=i t=i 1=1 

Now if |xi -1|,..., |x n — n| are all distinct, then they must be a rearrange¬ 
ment of 0,1.n - 1. (Note: 0 < |x t - - i\ < n - 1.) In that case, 

n 

y |Xi - i\ = n{n - l)/2. 

*=i , - 

If n(n - l)/2 is even, then n = 0,1 (mod 4). This shows that if n = 2,3 (mod 
4), then |xi - 1|,..., |x„ - n| cannot all be distinct. 

Example 6: Let f(x) = (x - <n)...(x - a n ) + 1, where a lt ...,a n are 
distinct integers. Show that (i) if n is odd, then f(x) is irreducible over Z 
i.e. f(x) cannot be factorised in the form f(x) = p(x)q(x) where p(x) and 
q(x) are polynomials with integer coefficients and their degrees are less than 
the degree of f(x) (Here the degree of f(x) is n.) and (ii) if n is even, then 
either f(x) is irreducible over Z or is the square of a polynomial with integer 
coefficients. 

Solution, (i) Let n = 2m +1 and let, if possible, f(x) = p{x)q{x) where p(x) 
and q(x) are polynomials with integer coefficients and their degrees, say r and 
8, are both less than u. But then, clearly, 

f(di) = 1 i.e. p(ai)q(ai ) = 1 for t = 1,..., n ( 1 ) 


Scanned by CamScanner 




Now n = r + s - 2m + 1 and so r, s cannot both be greater than m. So 

let r < m. Now by (1), p(ot) = 1 or -1 for i = 1,2,...,2m + V 
p(a,) = 1 for m + 1 values of i or p(a*) = -1 for m + 1 values of i. Butthe 
degree of p(x) = r < m. Hence p(x) is the constant polynomial 1 or -1. This 
is a contradiction. Hence /(x) is irreducible over Z. 

(ii) Let n = 2m. Let f{x) be reducible over Z so that f(x) = p{x)q{x) 
as before. Then r = s = m, because if r < m say, then p(a») - ±1 f0 * 
i = 1,2,..., 2m. Hence p(a*) = 1 (or p(aO = -1) for atleast m values of 
t. Hence p(x) is a constant polynomial: contradiction. Hence r — s m * 
Now since the leading coefficient of f(x) is 1, we may assume that the lea ing 
coefficients of p(x) and q(x) are both 1 or both -1. Hence the degree ot 

the polynomial p(x) - q(x) is less than m. But p(o») — 7( a ») — ° 

t = 1,2,..., 2m. Hence p(x) - q(x) = 0 has more than m roots. Hence p(x; 

and q{x) are equal polynomials, so that /(x) = [p( x )l • 


Exercise Set 23 


1. Determine the function / : R —» R which satisfies 
x 2 /(x) + /(I - x) = 2x - x 4 , x € R- 

2. If / : Q - R satisfies /(x + y) = /(*) + /(y)Vx,y € Q, prove that 
/(x) = /(l)x, Vx € Q- 

3. Find all / : R -» R such that /(x 2 + /(y)) = (/( x )) 2 + V* Vx ’ V e R * 

4. Let a, b and c be lengths of the sides of a triangle. Show that if a 2 + b 2 + 

= 'bG + ca + ab, the triangle is equilateral. 

5 If f{x) denotes a polynomial of degree n such that f{k) = l/k for 
* k = 1,2,...,(n + 1),determine f{n + 2). 

6. For what real values of the variable x does the following inequality hold: 

_ .- g < 2x + 9 ? 

(1 - x/ 1 + 2x ) 


7. Solve the equation cos 2 x + cos 2 2x + cos 2 3x 1. 

8. Let a, 6, c be real numbers such that 

(be - a 2 )- 1 + (co - 6 s )- 1 + (o6 - c 2 )' 1 = 0. 

Prove that a(bc — a 2 ) -2 + Mc° ” & 2 ) 2 + c(a& —c 2 ) =0. 
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9. 


a, 6 and c are natural numbers such that the sum of any two of them is 
greater than the third number. Prove that 


\ b ~ c ' 

a 

r c-aj 

6 

[ 1 -—1 

a . 


i 

L c J 


c J 


Hints to Problems 

Pr. 1 If 6 > 0, take p(x) = x 2 + kx+ §6 and q{x) = x 2 + (2a - k)x - \b 
where the real number k is chosen so that A ; 2 - 106 > 0. If 6 < 0, take 
p(x) = x 2 + ax + §6 and q(x) = x 2 + ax + \b. 

Pr. 2 The equation is 

x 2 + nx + ^(n 2 - 31) = 0. 

u 

Hence the sum of the roots isJ?r+ 1 = —n and product of roots is r(r + 1) = 
(n 2 — 31)/3. So n = ll,r = —6. 

Pr. 3 (i) Suppose p,<f are real and the roots are p, qi, —qi where q 0. (Here 
the non-real roots/have to be complex conjugates.) Then we have the factor¬ 
ization p(x) = a(x — p)(x — qi)(x H- qi) = a(x 3 — px 2 + q 2 x — pq 2 ) so that 
b — -ap, c = ag 2 , d = -apg 2 . These numbers clearly satisfy the given condi¬ 
tion. Conversely, let the given condition hold. Then multiplying by 6 , equation 
becomes abx 3 + b 2 x 2 + adx + bd = 0 or abx 2 (x + f) + ad(x + £) = 0 or 
( x ^)(i 2 + |) = 0. As ac > 0, a and c have the same sign so that c/a > 0. 
So - 6 /a is the real root and ±iy/c/a are the purely imaginary roots. 

(ii) Suppose p, g are real and the roots are p, g, —g. Then we have the factor¬ 
ization p(x) = a(x - p)(x - q)(x + g) = a(x 3 - q 2 x - px 2 + pq 2 ) so that 
b = —ap, c = -ag 2 , d = apg 2 . These numbers clearly satisfy the given condi¬ 
tion. Conversely, let the given condition hold. Then multiplying by 6 , equation 
becomes abx 3 + b 2 x 2 + adx + bd = 0 or (x + £)(x 2 + f) = 0. So the roots 
are - 6 /a and ±y/-c/a which are as required. 

Solutions to Exercise Set 2.1 

1 . a = 6 = 0 or a = 1.6 = - 2 . 

3. Let integers a > /? > 0 be the roots of (i) x 2 —ax +6 = 0 and let integers 
7 > <5 > 0 be the roots of (ii) x 2 - 6 x + a = 0. For definiteness, let 
a > 6 . Now 

a + P — a, a(3 = 6 , and 7 + <5 = 6 , 76 = a. 


Scanned by CamScanner 



2.3. Functional Equations 


89 


Hence a-6=l-(a- 1 )(P - 1). Hence 0 < 1 - (a - l)(/3 - 1) 1 1 - 
So P = 1 since a,/? are positive integers and p < ct. Thus a - b - 1 . 
Further, a-b={ 7 - 1)(<5 - 1 ) - 1 , so that (7 - 1)(<5 - 1) = 2 . So since 
7 > <5 > 0 are integers, we see that 7-1 = 2 and S - 1 = 1, so that 
7 = 3, S = 2 . Hence, a = 76 = 6 and b = 7 + 6 = 5 . Also, therefore, 
q = 5, P = 1. 

5. Suppose that f(x) = x 2 +px — q and g(x) = x 2 -px + q both factorize 
into linear factors with integer coefficients i.e. both the equations /(x) = 

0 and g(x) = 0 have integer roots. Then the integers p 2 ± 4 q are both 
perfect squares, say d 2 = p 2 + 4 q and d^ = p 2 — Aq where di, d 2 
are positive integers. So df — p 2 is even so that di,p are both even 
or both odd; similarly for d 2 ,p. Thus d\,d 2 ,p are all even or all odd. 
Hence a = (di + d 2 )/2 and 6 = (di - d 2 )/2 are both integers and, 
di = a + M 2 = a - b. But then 2p 2 = d? + d% = 2a 2 + 26 2 and 
8q = d? - dl = 4 ab so that p 2 = a 2 4- b 2 and q = \ab. Hence p is 
the hypotenuse of a right triangle with legs a, b and q is the area of this 
triangle. Further, if the roots are a = (—p + di)/2, P = (—p — di)/2, 

7 = (p + d 2 )/ 2 , d = (p - d 2 )/ 2 , then the semi-perimeter of the triangle 

is s = (a + 6 + p)/2 = (p + di)/2 = ~P, and q = aP = 76 = 
the area of the triangle. Hence (except for sign) the inradius and exradii 
are respectively given by q/s = ap/p = a, q/{s - a) = 7$/<5 = 7 , 
q/(s - b) = 75/7 = <5, 9/(5 - p) = a0/a = P- 

8 . i(4x 3 + 2x 2 - lOx + 4). 11. k = 61, - 3/4,13/21. 

12 . (i) 2 (ii) - 3 . 13. (i) - 1 ,- 1 , -6 (ii) - 2 ,3,4 (iii) 1 , -2,30. 

14. (i) 4, ±3/2 (ii) 1/2, -2, -4 (iii) -7/2, -3/2,1/2 (iv) -4, -3,1,2. 

(v) 2 / 3 , 3 / 2 ,-5/2. 15. ±(3+5i), ±(3-2i), ±(4+3i), ±(5+4t). 

16. a = 4, b = 1. 17. p = 1, q = -4, 1 ± i, - 3. 

18. (P 3 ± 2\/5, -5/2. (ii) 1 ± >/3, ±i (iii) ±2>/5,7/3 (iv) 2 ± v/3, ±1 (v) 

-l±iv^,5(vi)l±i,l±>/2. 

19. (i) -2,1,2 (ii) -4,2,3 (iii) -2, -1,1 (iv) 5, 6 ,7 
(v)- 1 , 1 , ± 2 . (vi) 1 , 1 , - 2 . 

20 . (a, 6 ,c) = (a, 0 , 0 ), (— 1 , — 1 , 1 ). 
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• First suppose that the roots are in A.P., say p = k - d, q = fc, r = k + d. 
Then 3 k = ]£ p = -a. So k = -a/3 is a root. Next, YlPQ — 6 gives 
0) 3A* - d = 6 , and pqr = -c gives (ii) k(k 2 - d 2 ) = —c. Since 
* = “ a/3 3 is 3 "**• we g e ‘ (~a/3 ) 3 + a(-a/3 ) 2 + 6(-a/3) + c = 0 
i.e. (iii) 2 a — 9a6 + 27c = 0 . Further, since the roots are real, (i) shows 
that 0 < d 2 = 3A : 2 - 6 so that 3 k 2 > 6 i.e. 3(-a/3 ) 2 > 6 or (iv) 
a > 36. Conversely, conditions (iii) and (iv) are sufficient for the roots 
to be real numbers in A.P. To see this, let (iii),(iv) hold. Then (iii) shows 
that r = - q/3 is a r oot. Also, by (iv), a 2 ~ 36 > 0 or 9 r 2 - 36 > 0 so 

that t = +v/3r 2 - 6 is a real number. Thus t 2 = 3r 2 - 6 . Hence r -1 is 
a root because 

( r “ t) 3 + a(r — t) 2 4- 6(r - <) + c 
= r 3 - 3 r 2 t + 3rt 2 - t 3 + ar 2 - 2art + at 2 + br-bt + c 
- ( r3 + ar 2 + 6r + c) - f(3r 2 + £ 2 + 6 + 2ar) + < 2 (3r + a) 

= 0 - t(3r 2 + 3r 2 - 6 + 6 + 2r(-3r)) + i 3 (0) = 0. 

Similarly, t + r is a root. Hence the roots are r — t,r,r + t which are 
real and are in A.P. 

22 . 8 x 2 - lOx -61 = 0 . 23. x 3 + px + q = 0 . 

24. x 3 - 2x 2 + 5x - 11 = 0. 25. x 3 - 3x 2 + 2x - 1 . 

25. Hint: Let a, (3 ,7 be the roots of x 3 - x - 1 = 0. Then a 3 = a + 1 , 
P 3 = /?+1,t 3 = 7 + 1 . So we need to find the equation with roots 
a + 1 ,/?+ 1 , 7 + 1 - 

26. Hint: Let, if possible, x = m is an integer root of /(x). Then /(x) = 

(x-m)g(x ) where g(x) is a polynomial with integer coefficients. Hence 
—1 = /(a) = (a - m)g(a) so that a — m divides 1, hence a-m = ±1. 
Similarly, 6-m = ±l,c-m = ±1. Now two of the differences a-m 
6 — m, c — m must have the same sign. For example, let a - m = -1 
and 6 — m = — 1. So a = 6, a contradiction. 

27. (i) Since a, 6 , c, d are the roots of the equation 
x 4 + ( 0 )x 3 + ( 0 )x 2 + x + 1 = 0 , we have 

a + 6 + c + d = 0 , 
ab + ac + ad + bc + bd + cd = 0, 

a 6 c 4 - abd + acd + 6 cd = — 1 , and 

abed = 1 . 


> 

\ 


( 1 ) 

( 2 ) 

(3) 

(4) 



Scanned by CamScanner 



2 J. Functional Equations 


91 


Rewrite (2) as 

ab + a(c + d) + b(c + d) + cd = 0. Then 

by (1), (4), ab - (a + 6) 2 + \ = 0. (5) 

ab 


Next, rewrite (3) as 


ab(c + d) + cd(a + b) = 
by (1), (4), -ab(a + 6) +i(a + 6) = 

so(a + 6)(a6—^-) = lora + 6 = 


—1. Then 

- 1 , 

ab 

(ab) 2 -l‘ 


Hence on substituting this value of a + b in (5) we get 


1 _ (ab ) 2 

ab ~ ((ab ) 2 — l) 2 


Hence replacing ab by 
equation 


x and simplifying we see that ab satisfies the 
- x 4 - x 3 - x 2 + 1 = 0. 


This shows that, in fact, each of the six products ab, ac, ad, be, bd, cd 
satisfies the above sixth degree equation. Hence the above equation has 
exactly these six products as its roots. 


28. ±3/2, (1 ± \/5)/2. 29. -5, -2,1,4. 

30 Let air a ar be the roots. Then a 3 = the product of roots = -8. So 
a = -2, as the roots are real. 32. x 3 + x 2 - 2x - 1 = 0. 

35. (x, y, z) = (-H/6,1/6,13/6), (11/6, -1/6, -13/6). 


36. 2(fc 2 - l)(z - !/)(y _ J )( 2 - *)• - 2 - 

38 If f(x) is of odd degree, then it has a real root, say n. But then by the 
' given condition it follows that x 2 =A+ *> + 1« also a root. Further, 
x, > |x,| because x\ + 1 > 2 Jxfl = 2|x,| so that x? + n + 1 > 
2|x, l+x, > |x,|. Similarly, x 3 = x\ +x 2 +1 is also a root and x 3 > x 2 
and so on. Hence /(x) = 0 has infinitely many roots, a contradiction. 
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45. (One guesses possible solutions as x — -y, z — w etc.) From 2nd 

equation, ^ + - V - -—- = so that from 1st equation, 
n xyz w 


(x + y 4- z)(xy + yz 4- xz) = xyz. 

Hence, x*y 4- x 2 z 4- y 2 z 4- y 2 z 4- z 2 x 4- z 2 y 4- 2 xyz — 0 
i.e. (x 4- y)(x 4- z)(y 4- z) = 0. 

Thus, two of x, y, 2 are opposite of each other and the remaining quantity 
is equal to w. (Such values of x, y, z , w are clearly a solution of the two 
equations.) 

i 

Solutions to Exercise Set 2.2 < 

1. (i) and (ii) are equivalent to (a — b ) 2 > 0. For (iii), note that 

a 2 + b 2 + c 2 - ab - be - ca = \[{a - b) 2 4 - (b — c ) 2 4- (c — a) 2 ]. 

2. Equivalent to (ad - 6c) 2 > 0. 4. Hint: By Ex. 1 (ii) above. 


L.H.S. = ( P+ l + 2) 2 + (q + l + 2) 2 >i( P+ l + ? +9 + l + ?) 2 . 

5. (iii) Use (13). 6. For, then a is a root of ax 2 4- px 4- q— 0. 

10. (a) 


Y^{na k -^2ai) 2 = 4-n(^ ai ) 2 - 2n(^a<) 2 

fc=i fc=i k=i 

= « 2 C^)-n(^a t ) 2 . 

As this must be > 0, we get the result. 

(b) (a 4 - 6 + c 4 - d ) 2 < 4(a 2 4 - b 2 + c 2 + d 2 ) .-.(8 - e) 2 < 4(16 - e 2 ) 
.-.64 - 16e 4- e 2 < 64 - 4e 2 .\e(5e - 16) < 0 .\0 < e < 16/5. 
e = 0 is attained for a = 6 = r = d = 2 and e = 16/5 is attained for 
a = b = c = d = 6/5 (These values are easily located by observation.) 


Solutions to Exercise Set 2.3 

3./(*) = *. 5.(1+ (-!)")/(„+ 2)]. 
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Chapter 3 
Geometry 

3.1 Some Important Theorems 

Given any two distinct points A and Bona straight line, they determine a line 
segment of definite length. When we associate with this segment the direction 
from A to B, we obtain the directed line segment denoted by AB. Thus directed 
segments AB and BA have the same length but opposite direction and we 
denote this by the equation AB = —BA, or equivalently by AB + BA = 0. 

A P B Q 


Fig. 3.1 

If p is a point on the line AB lying between A and B, P is said to divide the 
segment AB internally and the ratio AP : PB of the division is positive.^ 
q is a point on the line AB lying outside the segment AB, Q is said to divide 
the segment AB externally and the ratio AQ : QB of the division is negative. 

(See Fig. 3.1). 

Definition 1 Two polygons are defined to be similar if there is a one to one 
correspondence between their vertices such that their corresponding angles are 
equal and their corresponding sides are proportional. 

Theorem 1 In any triangle ABC, the line joining the m idpoints_B'and C of 
the sides CA and AB respectively, is parallel to BC and B G - 

Theorem 2 Let ABC be a triangle. If a straight line is town^rrikl XoBC 
through the midpoint C' of AB. then it passes through the midpoint of CA. 

Theorem 3 If a straight line is drawn parallel to one side of a triangle, then 
^divides the other two sides (produced, if necessary,) proportionally. Con¬ 
versely, if a straight line divides two sides (produced, if necessary,) of a mangle 
proportionally, then it is parallel to the third side. 

93 
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Theorem 4 The areas of triangles with equal altitudes are proportional to the 
bases of the triangles. The areas of triangles with equal bases are proportional 
to the altitudes of the triangles. 


Problem 1 Choose point P on side AB of AABC. Let the line parallel to 
BC through P meet AC in Q, the line parallel to AB through Q meet BC in 
/?, the line parallel to CA through R meet AB in S, the line parallel to BC 
through 5 meet AC in T, and the line parallel to AB through T meet BC in 
U. Prove that PU is parallel to AC. (See Fig. 3.2) 



Problem 2 In A ABC, AB = AC. If points D, E are on sides AC, AB re¬ 
spectively such that BC = BD and AD = DE = EB , find Z.A (See Fig. 
3.3). 


Example 1 In a triangle ABC points D and E respectively divide the sides 

BD . AE 

BC and CA in the ratios — = m, and — = n. The segments AD and 

AX 


BE intersect in a point X. Find the ratio 



XD EF 


Solution. Draw DF parallel to BE as 
in Fig.3.4. Then by theorem 3, from 
A EBC we get 


EF 

FC 


BD 

-=r— = m, and so 

ULy 


EF _ BD m 
PC — ~BC ~ 7n + 1’ 
From AADF we get 
AE EC _ m- f-1 

ec'ef ~ n ' 
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Example 2 On the sides DC , CM, AD of a triangle ADC points D, E, F are 
taken in such a way ihat = |^ = ^ = 2. Show that the area of the 
triangle determined by the lines AD , BE,CF is \ x A where A is the area of 
A ADC. 



Solution. Let XYZ be the triage « *e Hnes = ^ ; ^ ^ 
by Example 1, AX/AU - 22 - 4- ncu ' &ABD 

gles ADD and ABC have the same height and so by theorem 4, " 

BD = 2 the and ADD have the same height and so 

DC 3’ 6 

AX &ABX _ A ABX 
AD ~ AABD ~ §A 

Thus AABX = f • A. Similarly, ABCZ = ACYA = ? • A, But clearly. 
AABX + AECZ + ACMy + lAXYZ - A, 

and so A XYZ = A - 6A/7 = A/7. 

Direct solution by M. R. Railkar 

As shown in Fig. 3.6, complete the paraUeiogramXBCL atwlletBE^et 

AD in X and AL in M. Then ZAEM = /CBBjaAtSM* - 
so that AAEM ~ ACEE. Hence that AM/BC - f^ E J CE 2 }] x ' _ 

ZuAAXM-ADXB so that BX/XM = BD/AM =j^BC - 

4/3 Hence BXjBM = 4/7. Therefore, since ^2aXB/AAMB = 
have bases BX and BM and the same height, we ge . AAXB/ 

BX/BM = 4/7. Finally, since M is the midpointof AL and \\ 

U follows that A AMB = \AABC. Hence AAXB = y • 5 AXBC - 
-AABC, and the solution can be completed as before. 
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Theorem 5 If two triangles are equiangular, then their corresponding sides 
arc proportional, and so they arc similar. Conversely, if two triangles have 

corresponding sides proportional, then they are equiangular and hence they are 
similar. 


Theorem 6 Let ABC and DEF be triangles such that — jjp and 
ZB AC = ZEDF. Then the triangles ABC and DEF are similar. 



Theorem 7 In any AABC, the internal bisector AD of ZA divides the oppo¬ 
site side BC internally in the ratio ^ the external bisector AX of 

ZA divides BC externally in the ratio || = (See Fig. 3.7). 


Theorem 8 The straight line that passes through the point of intersection of 
the diagonals of a trapezium and through the point of intersection of its non¬ 
parallel sides, bisects each of the parallel sides of the trapezium. 


Theorem 9 Angles in the same segment of a circle are equal. In fact as in 
Fig. 3.8, ZAPB = ZAQB = (1/2 )ZAOB, O being the centre of the circle 
Conversely, if line segment AB subtends equal angles at two points P Q on 
the same side of it, then A, B, P, Q are concyclic. (See Fig. 3.9). 
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. 

Theorem 10 The opposite angles of a quadrilateral inscribed in a circle are 
supplementary. Conversely, if the opposite angles of a quadrilateral are sup¬ 
plementary, the quadrilateral is cyclic (See Fig. 3.10). 



•Fig. 3.10 


Fig. 3.11 


Theorem 11 If as in Fig. 3.11, line AB touches a circle at point C, then for 
any chord CD through C we have ZACD = ZCED and ZBCD = ZCFD. 

Theorem 12 If (see Fig. 3.12) AA! and BB' are chords of a circle through a 
point P inside the circle, then PA • PA' = PB • PB '. 

Proof. Note that the result follows by observing that A PAB ~ APB'A'. 


Fig. 3.12 


Fig 3.13 


Theorem 13 If (see Fig. 3.13) P is a point outside a circle and a tangent from 
P to the circle touches it at T and secants through P cut it at A, A and B , B , 

then , „ 

PAPA' = PBPB' = PT 2 . * 
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Problem 3 If straight line OT touches a circle at T , and OAB is a ray cutting 
it at A and B, and the bisector of angle BOT meets TA, TB at X , Y } find out 
what you can about X and Y and prove it. 



/ 


Fig. 3.14 



Fig. 3.15 


!°,' S “T of a circle QRS and T is a point within the circle. 

S R beinJTh 6 PaSSCS 0 and T and intersects the first circle at R and 

rs Se"*'° T : °J is P rodu “ d •» meet the first circle at Q and 
1 ■ 30(1 RS are joined. Prove that Z.QSR = ZQST. 


3-2 Concurrency and collinearity 


A 1 l (C ? a * " P° ints D ' E ' F «taken on the sides BC CA AB of 
AABC S ° that the >'"« AD * BE, CF are concurrent a. a point O, then 


BD CE 


DC EA % FB lm (1) 

Proof. There are two possible cases depending on whether n i;« • 
outside A ABC. First note Utat in Fig. 3.16 (i) M* e ££ B nnn ” 

positive, while in Fig. 3.16 (ii) exactly two arc negative and IT T 
(1) IS positive in all cases. Hence we now ignore the signs of th * Pr ° dUCt m 
prove that the numerical value of the product in (1) is 1 * Segments and 

_ A F 



B D 


C B 



Fig. 3.16 
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In Fig. 3.16, since the triangles ABD, ADC have the same altitude and also 
the triangles OBD, ODC have the same altitude, by theorem 4 we get 

BD A ABD AOBD AABD - A OBD _ A ABO ' 

DC ~ A ADC ~ AO DC ~ A ADC - A ODC AC AO' 


Similarly, 


A SCO AF _ A CAP 
AABO' FB~ ABCO' 


Multiplying these three equations we get (1). 

Example 3 D,E,F are points on the sides BC, CA , AB respectively, of 

A ABC such that AD, BE, CF are concurrent at O. Show that 

OD OE OF , .... AO BO CO _ 

ad + BE + CF ’ U AD BE CF 


AF AE 
FB + EC' 


Solution, (i) We have, as in the above, 

OD A OBD AO DC AOBD + AO DC _ AOgC 
ad = A ABD ~ AADC A ABD + A ADC AABC 


etc. Hence A . _ _ 

OD OE OF A OBC AOCA AOAB = A ABC 

Td + BE + CF~ A4BC + IxABC AABC AABC 
. AO AD — OD . OD an , fiv 


(ii) Use the relations 

(iii) We have 


= 1 - 


——, etc. and (i). 
AD 


AAOB AAOC _ AAOB + AAOC 
A BOD ~ A COD A BOD + A COD 
AAOB + AAOC _ AAOB AAOC _ 


A BOC 


ABOC ABOC 


AE AF 
EC + FB 


Theorem 15 (Converse of Ceva’s theorem.) If three points taken on 

the sides BC, CA, AB of A ABC are such that equation (1) holds, then AD, 

BE, CF are concurrent. 

Proof. Suppose AD and BE meet in O and CO meets AB in F'. Then since 
AD, BE, CF' are concurrent, we get by Ceva s theorem. 
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= 1. Hence by (Owe get — = FB ' 

DC EA F'B FB 

AF AF' AF = AF 

Hence AF + FB “ AF' + F'B ° V AB AB ‘ 

Thus AF = AF' and so the points F and F' coincide. Hence CF also passes 

through O. . 

Trigonometric form of Ceva’s Theoem: Let points D, E, F be taken on t e 

sides BC, CA, AB of A ABC. Then the lines AD, BE, CF are concurrent 
if and only if 


sin /.BAD sin ZCBE sin ZACF 
sin ZD AC ' sin ZEBA ’ sin ZFCB 


Corollary 1. The medians of a triangle are concurrent. 

[For in this case, (Fig. 3.20(i)), BD/DC = 1 etc. and so (1) holds.] 
Corollary 2. The altitudes of a triangle are concurrent. 

A 



[For acute-angled triangle ABC, (Fig. 3.17) BELCA and CFLAB and so 

AE AB 

AAEB ~ AAFC as ZA is common to them. Hence —— = ——. Similarly, 

BF BC CD CA 
if AD1BC, then r = —— and So 

BD BA 


BD 

DC 


CE 

EA 


and 

CE 

AF _ AB 
FB ” BC 


CB 

BC 
' CA 


CA 

AB 


= 1 , 


and so (1) holds. A similar proof holds for obtuse-angled triangles.] 

Corollary 3. The internal bisectors of the angles of a triangle are concurrent. 

. _ BD AB c 

[For in this case, (Fig. 3.7) — = ^ etc - where a » b > c respectively 

denote the lengths of the sides BC, CA, AB of A ABC. Hence 
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BD CE AF cab ' ., . 

- 7 Z 7 * ’ ttt • = 7 ' ~ ~ — 1, and so (1) holds.] 

£>G jfc/i FB b c a 

Condiary 4. The external bisectors of any two angles of a triangle and the 
internal bisector of the third angle are concurrent. 

[For in this case, (Fig. 3.7) 

BD c CE -a AF -b .... ,. , 

DC b EA c FB a 

Corollary 5. If the incircle of A ABC touches BC , CA, AB at X,Y,Z 
respectively, then AX, BY , CZ are concurrent (the point of concurrence is 

called the Gergonne point of A ABC.) 

[For in this case, (Fig. 3.18 (i» BX = BZ , etc. and so 

BX CY AZ __ BX CY AZ _ 1 an( | so n) holds. 1 
XC ' YA ZB CY AZ BX 

Corollary 6. If the excircles of A ABC, opposite the vertices A,B,C touch 
BC,'CA, AB at X,,Y 2 ,Z 3 respectively, then AX,. Bft’CZt are concu 
(the point of concurrence is called the Nagel point of A A ■) 

BX '= BZ “cT'ct aT=a£ fence AbTbX,^ 
3.18 (11)) BXi B 1, 1 _ AC+CYi = AY\.Vno&AB+BX\ = 

ictcx - i%i$+%xf+XxC+CA) = mAB + BC+CA). Hence 
f+Zc the^perimeter of A ABC. Similarly. bisect the penmeter. 

fenc by Exam^e 9 below, 4X>, BK 2 ,CZ 3 are concurrent. 



Fig. 3.18 


• .interesting to note the following 
Note: With regard to the Gergonne poi Gergonne: If through the 

more genera, result called Problem oUosephD,^ ^ ^ ^ ^ 

d"of C,AP paraHel'to BC, BQ parallel to AC, and if lines PD and 
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QD are drawn respectively parallel to BQ and AP, meeting in D, then the 
lines AQ , BP, and CD are concurrent. 

To prove this, let AQ cut BC in X, BP cut AC in Y, and let AQ, BP intersect 
at W as in Fig. 3.19. Let DC meet AB in Z. Then since A QXB ~ A AXC 
and A BYC ~ A PYA, we get 


BX _QB , CY _ BC 
XC ~ CA and YA ~ AP' 


( 2 ) 


Let DP, BA meet in E and let DQ, AB meet in F. Then, since triangles EAP 
and BFQ are both similar to A ABC, we have 


EA AP PE _ x J BF _ FQ QB 
AB ~ BC ~ CA ~ A ’ “ d AB ~ BC ~ CA ~ 


(3) 


EA X 

Hence = —. Next, since A AZC ~ A EZD and A ZBC ~ A ZFD, we 

BF fi 
get 


AZ 

EZ 


Hence 


AZ EZ 
ZB ~ ZF 

Hence by (4), (3) and (2), 


ZC ZB ZC 
ZD ’ ZF~ ZD 

EZ-AZ 


ZF - ZB 


EA 

BF 


A 

A*’ 


(4) 


AZ BX CY X 1 
ZB ‘ XC ’ YA ~ n ' M * A ” lm 

Hence by Ceva’s theorem, the lines AQ, BP, and CD are concurrent. 



Fig. 3.19 
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If we take AP = BQ — AB, then 

AZ X AP,QB_CA . BX 

zb^v'bc 1 ca~ cb' a xc 


AB 

AC' 


so that W is the incentre of A ABC. If we take AP = BC and BQ - AC, 
it is easy to see that W is the centroid of A ABC. Finally, if P is taken as the 
point at which BY cuts the parallel through A, and Q the point atwhich A 
cuts the parallel through B, where X and Y are the points of contact of the 

incircle, then W is the Gergonne point of A ABC. 

Example 4 A circle cuts the sides of A ABC internally as follows. BC a 
D D* CA at E, E> and AB at F', F. If AD, BE, CF are concurrent, 

prove that AD', BE', CF' are concurrent. 

Solution. Let AD, BE, CF be 
A concurrent, so that by Ceva s theo- 

BD CE AF _ 

rem,wehave —' DC EA 

By theorem 12, using signed seg¬ 
ments we have 

BDBD' = BF-BF', 

° C CE ■ CE' = CD' CD 

and AE' • AE = AF ■ AF’. 



Hence 


F'B CE __ iyC_ AF _ E'A 
BD '’ DC~ CE 1 ' EA AF r 


F'B D'C E'A _ BD CE AF _ 1 

Thus, -gjy • ^<^ 1 / af' FB DC EA 

Hence by the convene of Ceva's theorem, AD' .BE',Cf are concurrent. 

Example 5 Let ABC he a triangle and let DE ££%£££ 
that, starting at A, D divides the ^ le ^ “ int0 tw0 equa , pa ru, 
starting at B, E divides the penmeter of *e tnangre ^ ^ parts. 

and starting at C, F divides the penme respectively and the lines 

Prove that D. E, F lie on the sides BC, CA, ad ^ 

AD, BE, CF are concurrent. 

-T^Tuun, P ° M ° f ° Amef - M * th ' MOn, “ y ' 

1957. p. 192-193. 
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Solution. Let 2s = a + 6 + c be the perimeter of A ABC. Now c < a + b, b < 
c + a. Hence 2c < a + b + c < 2c + 2a and so c < s = AB 4- BD < c + a = 

AB + BC. Therefore D lies on BC. Similarly, E lies on CA and F on AB. 

Next ,c+BD = s = DC-hb, a+CE = s = EA+c , b+AF = a - FB+a. 
Hence 

BD CE AF s — c s — a s — b _ 

DC EA FB s — b s — c s — a 

So, by the converse of Ceva’s theorem, AD , BE and CF are concurrent. 

Theorem 16 (Menelaus) If a transversal cuts the sides BC, CA,AB (suitably 
extended) of A ABC in points D , E , F, respectively, then 


BD CE AF 
DC' EA' FB 


(5) 


Proof. There are two cases depending on whether the transversal cuts one side 4 , 
externally or all three sides externally. Note that only one ratio (as in Fig.3.20 
(i)) or else all the three ratios (as in Fig.3.20 (ii» in (5) are negative. Thus 
the product in (5) is always negative. Hence we now ignore the signs of the 
segments and prove that the numerical value of the product in (5) is 1. 



With the notation of Fig. 3.20 (i), draw AP parallel to DB meeting DF in P 

AF PA 

Then, since A APF ~ A BDF, —— = —— and since A CDE ~ A APE 
_ r B BD ’ 

DC CE 

-. Hence 


AP 


EA 

BD 


CE AF BD DC PA 


DC EA FB DC AP BD 


= 1, numerically. 


Note: We can deduce Ceva’s theorem from Menelaus’ theorem as follows: See 
Fig. 3.16. Apply Menelaus’ theorem to A ABD, and to A ADC with line CF 
as transversal. This gives 

BC DO AF , , CE AO DB 

CD' OA FB ~ 1 and EA' OD' BC ~ ~ L 


Scanned by CamScanner 



Multiplying these equations we get Ceva’s theorem. 

Conversely, we can deduce Menelaus’ theorem from Ceva’s theorem as 
follows: As shown in Fig. 3.21, let a transversal cut the sides BC,CA,AB 
of A ABC in points D, E, F respectively. Let CF meet BE in P and AD in 
Q, and let AD and BE meet in R. Apply Ceva’s theorem to each of the six 
triangles in Fig. 3.21 as follows: 


A 



Fig. 3.21 


For A DAB lines DF, AC, BR are concurrent at E and so 

BC DR AF _ 

CD ' RA ' FB 

For A EBC lines ED, BA, CP are concurrent at F and so 

SD CA £P = i 
DC ’ AE' PB 

For AFC A lines FE, CB, AQ are concurrent at D and so 

CF AB FQ _ 1 
EA BF'QC 

For A DEA lines DC, ER, AF are concurrent dt B and so 

AR DF EC _ 1 
rd' FE' CA 

For A EFB lines EF, FP, BD are concurrent at C and so 

FA BP ED _ x 
AB ’PE' DF 
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For A FDC lines FB, DQ, CE arc concurrent at A and so 

DB CQ FE 
BC ' QF ‘ ED ~ * 

By multiplying the last six equations we get 

( BD CE AF \2 _ 

\DC' EA' FBJ 

From this Menelaus’ theorem follows because the transversal cuts either one 
side externally or three sides externally. 

Theorem 17 (Converse of Menelaus* Theorem.) If points D, E, F are taken 
on the sides of A ABC such that equation (5) holds, then D, E, F are collinear. v 

Proof. Let DE meet AB in F 1 . Then by Menelaus’ theorem, we get 

BD CE AF ' AF AF' 

DC' ' Fs = _ 1 • Hence by (5) we get — = — and so D = F . 

Hence F lies on DE, as required. 

Corollary. The external bisectors of the three angles of a scalene triangle meet 
their respective opposite sides at three collinear points. (A triangle is called 
scalene if no two of its sides are equal.) 

Example 6 The incircle of A ABC has centre I and touches the side BC at 
D. Let the midpoints of AD and BC be M and N respectively. Prove that 
M, I, N are collinear. 

Solution. Let NI meet AD at M'. Join A and / and let AI meet BC at L. For 
A ADL, with NIAf* as transversal, Menelaus’ theorem gives 

DN LI AM 7 
NL X IA X M'D ~ 1 


A 
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LI LC ab a 

™ IA CA (b + c)b b + c 

, DN BN -BD % - (s - 6) _ b + c m 

and LN ~ BN - BL ~ a 

Substituting (7) and (8) in (6), we get = 1. Hence, M' coincides with 

M. S/ 


Set- 3.1 

/ A transversal cuts the sides AB, BC , CD, DA of a quadrilateral ABCD 
at P,Q,R,S respectively. Prove that 

AP BQ CR PS _ +l 
PB QC RD SA 

p /Points X, Y are taken on the sides CA, AB of A ABC. If BX, CY 
f meet at P and AX = BY = 1 

XC YA 2’ 

find the value of the ratio BP/PX. [Ans. BP/PX = 3/4.] 

/ In AABC BC = 2 CA\ the internal bisector of angle C meets AB at 
A' and A A' is a median. If A'X meets CA produced at Z, prove that A 
is the midpoint of CZ. If also AA\ CX intersect at 0 and BO cuts CA 
at Y, prove that Y is a point of trisection of CA. 

/points E, F on the sides CA, AB of A ABC are such that FE is par- 
7 a llei to BC\ BE, CF intersect at X. Prove that AX is a median of 

AABC. 

4e external bisector of angle >1 of AABC meett. BC producedla, E 
/ and the internal bisector of angle B meets CA at M. If LM meets AB 
at R , prove that CR bisects the angle C. 

y ad BE, CF are concurrent lines drawn from the vertices of A ABC 
/ t0 points D, E, F on the opposite sides. If AD is the altitude of 
AABC, show that AD bisects LFDE. 
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3 3 Pythagoras Theorem 


Theorem 18 (Pythagoras.) In any right-angled triangle, the square on the hy¬ 
potenuse is equal to the sum of the squares on the other sides. 



Figure 3.23 Fig. 3.24 


Proof. Let ABC be a triangle having ZA = 90°. Construct squares BXYC 
on BC , CPQA on CA and ARSB on AB as shown in Fig. 3.23. Draw 
AL || BX meeting XY in L. Join AY, BP. 

Then, since ZB AC = ZCAQ = 90°, BAQ is a straight line. For sim¬ 
ilar reason, CAR is a straight line. In triangles ACY and PCB CA = 
CP, CY = CB and ZACY = ZPCB because each = ZACB + 90°. 
Hence triangles ACY and PCB are congruent. Now parallelogram CDLY 
and AACY are on common base CY and are between the parallel lines CY 
and AL and so 

area CDLY — 2 • area A^4CK 

Similarly, 

area of sq. CPQA = 2 • area A PCB. 

Hence. 


area CDLY — area of sq. CPQA. 
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bv joining St' and A V, it can be noch that 

«mi BXLI) iuxs-i of aq. UAHS. 

*Mu^t the expressions for area ( 'DM and area It A I IK we K 1 ** 

■uvx of sq. BXYC « lumaof aq. i'l'QA I won of *q. AllSlt, 
jts was to be proved. 

Another Proof. Let ABC be a triangle having LA - ( J0°, Construct u circle 
with B as centre and « as radius. l.ct AC intersect the circle at l) and 
intersect the circle at E and F as shown in the tig 3.24. By theorem 12. we 
have CA * AD * EA • .4E. Hence, 6 2 « (o - c)(« + e) - « - c ,c> 
a 2 —F 2 4- <r as was to be proved. 

Exercise Set- 3.2 


1. In Fig. 3.23 show that 

(a) AB 2 = BD - BC, AD 2 = 3D ■ DC , AD BC = CA • AB 

™-^ = l& + ^' AY±BR 

(c) Triangles SBX , PCF, FAQ and ABC have the same area. 

(d) AL, SC, and BP are concurrent and S, A, P are collinear. 

? In A ABC, ZC is obtuse and AD is perpendicular to BC pro- 
duc«i. Prove that AB 2 = BC 2 + CM’ + ICC ■ CD. 

(b) In &ABC, ZC is acute and .4D is perpendicular to BC. Prove 
that .4B 2 = BC 2 + C4 2 - 2BC • CD. 

This is a form of Cosine Rule. 

3. UpointD divides the base BC of A.4BC in the ratio BD/OC = n/m, 
then show that 

m • AB 2 + n • AC 2 = m • BD 2 + n • CD 2 + (m + n) • AD . 

This is called as Stewart’s theorem . 

[Draw AXl.BC. Then applying Ex. 2 to AABD we get 
ar 2 = RD 2 + AD 2 ±2BDDX 


and applying Ex. 2 to A ADC we get 

AC 2 = AD 2 + DC 2 =F 2 DC • DX. 

Multiply these equations by m and n respectively and add.] 
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4. Let in A ABC, D be the midpoint of BC. Prove that 

AB 2 -l- AC 2 = 2 AD 2 + 2 DC 2 . 

This is called Apollonius’ Theorem. 

5. In A ABC, AD is perpendicular to BC. Prove that for any point P on 
AD, 

BP 2 - PC 2 = BD 2 - DC 2 (1) 

and conversely, if P satisfies'(1), then P lies on AD. Hence prove that 
the altitudes of a triangle are concurrent. 

6. On the sides of A ABC, equilateral triangles APB, BQC, CRA are 

drawn outwards . Show that AQ = BR — CP. Further, if ABAC = 
90°, show that the area of the triangle on the hypotenuse i? equal to the } 
sum of the areas of the other two triangles. ^ *’ 

7. ABC is any triangle; any parallelograms BADE, BCFG are placed 
on j BA, BC] DE, FG produced meet in H. Show that the sum of the 
areas of parallelograms BADE and BCFG is equal to the area of the 
parallelogram ACIJ having sides Cl, AJ equal to and parallel to BH. 
(Pappus’ extension of Pythagoras’ theorem.) 


3.4 Properties of triangles 


Centroid. Let ABC be a triangle 
and A', B', C' be the mid-points of 
the sides BC, CA, AB. The me¬ 
dians AA!, BB'. CC' are concur¬ 
rent and the point of concurrence G 
is called the centroid of the triangle. 
G trisects every median, the laiger 
segment being toward the vertex. 
Thus AG : GA' = 2:1. 


A 



Figure 3.25 


The concurrence of the medians has been proved in Corollary 1 of the con¬ 
verse of Ceva’s theorem. Now, as in Fig. 3.25, for A ABA' with transversal 
CGC', we get by Menelaus’ theorem that 


BC A'G AC' 
CA' ‘ GA ‘ C'B 
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Moreover, BC = -2 CA' and AC' = C'B , and so we get AG = 2GA' as 
stated. 

Example 7 A line from vertex C of A ABC bisects the median from A. Prove 
that it divides the side AB in the ration 1: 2. 



Solution. Through B draw a line parallel to the median AD meeting CA 
“d in E. Let M be the midpoint of AD and let CM extendedmeeL BE 
„ F and AB in N. Then as in A CBE, DA is drawn ^ugh m.d ^ D 

Of CB parallel to base BF.dfoUows mat ..s^dpo^ofC^H^ ^ 

C F are'medians of A CBE and so they divide each other in the ratio 1:2, i.e., 
BN = 2 NA. 

Equivalntly, one may apply Menelaus' theorem to hABA! with line CMN as 
transversal. 




Figure 3.27 

t a a nr the neroendicular bisectors of the sides are con- 
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be the common distance. The circle with centre O and radius OA = /?, passes 
through the vertices A, B, C and is called the circumcircle of the triangle and 
O is called the circumcentre of the triangle. See Fig. 3.27. 

For an obtuse-angled triangle, the circumcentre is outside the triangle: see 
Fig. 3.27(ii). Clearly, ZBOA' = ZA'OC = ZA etc. 

Orthocentre. The altitudes AD , BE , CF of A ABC are concurrent and the 
point of concurrence H is called the orthocentre of A ABC. The triangle DEF 
formed by the feet of the altitudes is called the pedal triangle of A ABC. See 
Fig. 3.28(i). 

For an obtuse-angled triangle, the orthocentre is outside the triangle: see 
Fig. 3.28(ii). 



(0 (ii) 

Fig. 3.28 


When AABC is an acute-angled triangle, as in Fig. 3.28(i), we have the fol¬ 
lowing results. 

(i) As BCEF is a cyclic quadrilateral, ZAFE = C, ZAEF — B 
Similarly, ZBDF = A, etc. 

(ii) Since ZADF = 90° - ZBDF = 90° - A and ZADE = 90° - 
ZCDE = 90° - A, we see that AD bisects ZEDF and ZEDF = 
180° - 2A. Similarly, BE, CF bisect angles DEF and DFE. Thus, 
H is the incentre of the pedal triangle DEF. When ZA is obtuse, as in 
Fig. 3.21(ii), we have ZADE = A - 90° and H is the excentre of the 
pedal triangle DEF opposite to vertex D. 

Theorem 19 If H is the orthocentre of A ABC and AP is a circumdiameter, 
then PH and BC bisect each other. If OA'±BC , where O is the circumcentre 
of A ABC, then AH = 2 OA'. 
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proof. As in Fig. 3.29, BE1AC and PC LAC. Hence BH || PC. Similarly, 
BP HC. Thus BPCH is a parallelogram and so its diagonals BC and PH 
bisect each other at A 1 . Next, A' is the midpoint of PH. Hence from A APH, 
we get AH = t lOA'. 



Theorem 20 (Euler line) The circumcentre O, the centroid G and te'ortho- 
centre if of a non-equilateral triangle are colltnear and Gif - 2 • GO. Also 
OG is called the Euler line of the triangle. 

Proof. See Fig. 3.30. Let AA! cut OH in G'. Since AAG'H = AA'G'O and 
£A1 T G' — £A'OG', triangles HAG 1 and OA'G' are similar. Hence 

AG' HG' _ AH_ 

G'A' ~ G'O OA r 


Bui AH/O A' = 2 by the last theorem. Hence AG 1 /G'A' _ 2,sotot(?isUie 
same as the centroid G. Thus O, G, if are colltnear. Further, GH/OG - 2, 


as required. 
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Theorem 21 If H is the orthocentre of A ABC and AH produced meets BC 
at D and the circumcircle of A ABC at P, then HD — DP. (Fig. 3.31) 


Proof. Since ZPBC = Z PAC (same 
segment) and ZDBE = Z90° — ZC = 
ZPAC, we see that Z PBD = Zj DBH. 
Since ZBDH = ZBDP = 90° and BD 
is a common side, the triangles PBD and 
DBH are congruent. Hence HD = DP. 


Incentre. The internal bisectors of the angles of AABC are concurrent and 
the point of concurrence / is equidistant from the sides. Let r be the common 
distance. See Fig. 3.32 (i). The circle with centre I and radius r touches 
the sides BC, CA, AB and is called the inscribed circle or the incircle of 
A ABC. I is called the incentre and r is called the inradius of the triangle. Let 
2s = a + b + c, so that s is the semiperimeter of the triangle. Then, as shown 
in figure below, since tangents from a point to a circle are equal in length, we 
have AZ = AY, BZ = BX and CX = CY. Hence 

AZ + BX + XC=ha + b + c) = s, 

z 

and so AZ + a = s or AZ = AY = s — a. Similarly, BZ = BX = s — b and 
CX = CY = s-c. 



Fig. 3.32 

As shown in the figure (ii) above, the internal bisector of ZA and the ex 
temal bisectors of angles S and C are concurrent at /,. /, is equidistant from 
the sides BC, CA , AB. Let n be the common distance. Then the circle 
with centre h and radius n touches BC internally and CA, AB externally 
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at Xu Y u Z\ respectively. This circle is called the escribed circle opposite 
A and I\ is called an excentre of A ABC. Similarly, there are escribed cir¬ 
cles with centres / 2 , h and radii r 2 , r 3 (say) opposite B and C respectively. 
Again, using the equal tangents property, we get AY\ = AZ\, BX\ - BZ\ 
and CY\ = CX\. Hence 

2s = perimeter = AB + BX\ 4- X\C 4- CA = AZ\ 4- AYi, 
and so AZ\ — AY\ — s and BX\ — AZ\ - AB = s — c,CX = s -6. 


Also ABIC = 90° 4- —, etc. Further, if AD is the bisector of AA, then 

BD AB c ac ab 

—— = —— = so that BD = ——, DC = 

DC AC b b + c • 6 4-c 

Hence by Ex.3 pf Exercise Set-3.2, we get 




AD 2 = be 1- 


^ L (6 4-c) 2 J‘ 

Also, if A denotes the area of triangle ABC, then 


A = rs = ri(s - a) = r 2 (s - 6) — 

1 1 , 1 

Hence,-1-1-= 

r i r 2 r 3 


r 3 (s - c), 
1 
r 


Example 8 If A, B are two fixed points and P is a moving point such that -ps 
is constant, then prove that the locus of P is a circle. 



Fig. 3.33 

. 0 pa = \ Divide AB internally at H and 

Solution. Produce AP to Q- Let pj . _ ap _ A£ pjj and px are 

externally at K in the ratio A. Since He ^ e ZHPK = \\AAPB + 

is called the circle of Apollonius. 
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Theorem 22 (Nine - point circle) The circle through the midpoints of the 
sides of a triangle passes through the feet of the altitudes and the midpoints 
of the lines joining the orthocentre to the vertices. This circle is called the 
nine-point circle of the triangle. 


A 



In Figures 3.34, 3.35 and 3.36 A', B', C' arc midpoints of BC, CA, AB and 
D,E,F are the feet of the altitudes AD, BE, CF and P, Q, R are mid¬ 
points of AH, BH, CH where H is the orthocentre of A ABC. Let O be the 
circumcentre and R be the circumradius of A ABC. 


. A 



Proof. As in Fig. 3.34, C'P || BE, since in A ABH, C’P joins the mid¬ 
points C' and P of AB and AH respectively. Similarly, C'A' || AC. Hence 
ZA'C'P - 90°, since BE1AC. Similarly, ZA'B'P = 90°. Also ZA'DP = 
90°. Hence the circle having A!P as a diameter, passes through B', C, D. 


i 
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f 

Hence the circle A'B'C' passes through P and D, and similarly through Q , E 

and F, R. Also B'Q and C'R are diameters of the nine-point circle. 

A 


Next, as in Fig. 3.36, the perpen¬ 
dicular bisectors of the chords A'D 
and C'F meet in the midpoint of 
OH. say N. Hence N is the centre 
of the nine-point circle. Hence from 
A AOH, R = OA = 2 NP. This 
shows that the radius of the nine- 
point circle is half the circumradius. 



Nine-Point Circle another proof. We note that from the proof of Euler line 
Theorem 20, we get that AH = 20A'. As P is midpoint >f AP, 'get 
that PH = OA'. Join .4' and P. Suppose A'P intersects OP at A-Then 
triangles OA'N and HPN are congruent to each other. Hence, N is midpoint 
of OP as well as of A'P. Further, as ZA'DP = 90“, there is a circle w^d, 
A'P as diameter passing through D. The radius of this circle is NP. Since, 

P is midpoint of AH and N is midpoint of OP, we get that PN = ^OA. 
Similarly, we can show that there is a circle with B'Q as diameter passing 
through E and having center N and radius -OB and a circle with C'R as 

diameter passing through F and having center N and radius -OC. But, 04 = 
OB = OC. Hence, the three circles are the same. Hence, the nine points are 

concyclic. 

Vet another proof. Observe that A'CB'C' is a parallelogram. Abo, DB' is 
a median of the right angled triangle ADC and hence DB' = ^AC. Thus. 

LB'C'A' = ZB'CD = ZB'DC. Hence. A', B', C', D are concyclic. 

o- 1 u, a' n' C F and A! B'.C', Fare concyclic. Hence, A ,rf ,u, 

F^are concyclic. Thus, the midpoints of the sides and ^ e ‘ oft ^ e ^' U ^ eS ° e [ 
a triangle lie on a circle. Applying this ohserya.ionfor mangle P BC we g^ 
that A'.Q. R, D, E. F are concyclic. Similarly, m tnang ’ ® |jc 

C'. P , Q, B, E , F are concyclic. Hence, A , B ,C , , , y 


Notes. 

(i) See Fig. 3.36. Since D, E, F are the feet of the altitudes of A ABC, it 
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follows that A is the orthocentre of A HBC and that the triangles ABC 
and HBC have the same nine-point circle. 

(ii) In Fig. 3.35, triangles A'B'C' and PQR are congruent. 

) 

(iii) As in Fig. 3.37, the excentres I\, / 2| / 3 of A ABC form a triangle 
whose sides pass through the vertices A , B, C. Since angle-bisectors of % 
an angle are at right angles, we .see that the incentre / of A ABC is the 
orthocentre of A /i/ 2 / 3 . 

Also, as A, B, C are the feet of 
the altitudes of A/ 1 / 2 / 3 , it follows 
that the circumcircle of A ABC is 
the nine-point circle of A/ 1 / 2 / 3 . 

Hence the circumcircle of A ABC 
bisects the lines / 2 / 3 , / 3 / 1 , I\I 2 
and also the lines // 1 , // 2 and // 3 . 

Theorem 23 The angle between the altitude AD and the circumdiameter AL 
drawn from the vertex A of A ABC is equal to difference of angles at vertices 
B and C and is bisected by the angle - bisector AX of Z.4. Thus, the angle 
bisector of ABAC is also an angle bisector of AO AH. 


Proof. See Fig. 3.38. Since AAOC = 2B, 
we get ACAO = 90°-B. Also /.DAB — 

90° - B. So AC AO = Z DAB . Since 
Z XAB = AX AC, we get AX AD — 
AX AO, i.e. AX bisects ADAL. Also, 
in Fig. 3.38, 

ADAL = 2{AXAB-ADAB) = B-C. 

Theorem 24 (Euler) In any A ABC, OI 2 = R 2 - 2 Rr, where O, / are the 
centres and R, r are the radii, respectively, of the circumcircle and incircle of 
A ABC. 

Proof. See Fig. 3.39. Since AMBC — AlCfAC = A/2, we get 
AMBI = (A + B)/2 = AIBA + ABAI = ABIM. 
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Hence BM — MI. 

Let the internal and external bisectors of /A meet the circunicircle in A/ 
and N. Then /.MAN = 90°. Hence MN is a diameter. Now if XY is the 
diameter containing O and /, then AI • IM = XI ■ IY and so 

AIIM = (R + 0I){R-01) = R 2 -01 2 . 



Fig. 3.39 Fi S- 3 40 


Let ILLAB. Also, since /LAI = /BNM and/ALI - /MBN 
90 °, we see that AAL/ - ANBM. Hence — = and so, since BM = 

/A/, we get AI • IM — MN • /L = 2Br. 

Remark. The proof of BM = Mf is immediate if no ‘ e J USt ^ 

theorem 23. Also, it can be proved that OI x - R +2R-ri. OI x 
qj 2 _ Qp2 — j x p . /jA = PB • I\A = 2B • r\. 

Example 9 Consider an isosceles triangle, Let r be the radius of its circum¬ 
scribed circle and p the radius of the inscribe d circle. Pr ove that the distance d 
between the centres of these circles is d = \fr(r - 2p). 

Solution. See Fig. 3.40. Draw ILL AB and join BM. Then, as in Theorem 24 
BM = IM = r — d. Since BD = §, equating the two expressions for the area 
of A AB/, we get \cp— \AI\,ox 2cp= (r+*)». Similarly, AABA/gives 

c-BM = ar = c(r-d). Hence, eliminating a, we get 2cp (r + d)c(r d)/r 

or r 2 — d? = 2rp, as required. 


Theorem 25 (Simson Une) The feel L, M, N of the peipendiculars on the 
sides BC, CA, AB, of any A ABC from any point X on the circumcircle of 
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the triangle are collinear. The line LAIN is called the Simson line or the pedal 
line of the point X with respect to AABC. 

Proof: Let XN1AB and X All AC as in Fig. 3.41. Let NM meet BC in L. 
Then to prove that L, A/, N are collinear, it is enough to show that XL1BC. 
For this, join A A, XC. Then the quadrilateral XAJNA is cyclic because 
ZANX — ZAAIX = 90°. Hence ZXML = ZXAN. Also the quadri¬ 
lateral XABC is clearly cyclic and so /IXAB = ZXCL. Hence ZXML = 
ZXCL. Therefore the quadrilateral XMCL is cyclic. Also XAI1AC. Hence 
ZA LC = 180° — ZXMC = 90^, as required. 


L 


M 




Fig. 3.41 


Fig. 3.42 


Corollary 1 . If the perpendicular XL on BC meets the circumcircle again at 
L', then AV is parallel to the Simson line of X. (See Fig. 3.41). 

Proof. Let XL produced meet the circumcircle at L'.ThenZXCA = ZXL'A 
Also ZXCA = ZXLM , since the quadrilateral XLCM is cyclic Hence 
ZXL'A = ZXLM so that AL' || LMN. 

Corollary 2. The Simson line of any point bisects the join of the point and the 
orthocentre. 

Proof. As shown in Fig. 3.42, let the altitude CF produced meet the cir¬ 
cumcircle at Y. Let XY cut the Simson line at S and AB at Z. Let XH cut 
the Simson line at T. Let XN produced meet the circumcircle at N' Then 
CN' || LN, by Cor. 1 . Since HF = FY, we have 

ZZHF = ZZYF * x, ZHZF = ZYZF = y , say. 
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Since XN' and CY are parallel chords, /YXN' = /XN'C = /XYC = x. 
Hence HZ is parallel to CN' and hence to the Simson line. Hence /SNZ = 
/SZN so that SN = SZ. Also /YXN' = /XN'C = ZX7VS, so that 
XS — SN. Hence 5 the mid-point of XZ. Therefore, as ZH is parallel to the 
Simson line, T is the mid-point of XH. 

Example 10 With the notation of Fig. 3.41, we have 

XL • MN XM-NL XN-LM 
W BC = CA " ~ AS ~ ** ’ 

where XX'LLMN, and (ii) one of the ratios 

BC CA , AB 
XL' XM and XN 

is equal to the sum of the other two. 

Proof, (i) Clearly, as in Fig. 3.41, A XNM ~ AXBC , and AX NX ~ 
AXBL. Hence 

XN MN XN _ XX’ 

YB ~ BC' XB~ XL' 

SO that vr n t at 


XL • MN 


= XX r . 


Similarly, since A XNL - AX AC, AX AM ~ AX NX' etc. we obtain 
the remaining ratios. 

Theorem 26 (Ptolemy) The rectangle contained by the diagonals of a cyclic 
quadrilateral is equal to the sum of the rectangles contained by pairs of its 

opposite sides. 

Proof. As in Fig. 3.43(i), draw AE making ZBAE = /.CAD. Then, since 
/ABE = /ACD (same segment) and /BAE = /CAD (by construction), 
it follows that the triangles BE A and CD A are similar. Also, = 

/BAE + /EAC = /EAC + /CAD = /EAD and /BCA = /BDA, it 
follows that the triangles AED and ABC are similar. Hence 

AC CD , AC BC 
AD ~ BE an AD ED 
So AC • BE = AB • CD and AC • ED = AD • BC. 

Adding these equations and noting that BE + ED = BD , we get 

AC • BD = AB • CD -I- AD • BC. 
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Fig. 3.43 


Corollary. If a point be taken anywhere on the circumcircle of an equilateral 
triangle, its distance from one of the vertices is equal to the sum of its distances 
from the remaining vertices. 

Proof. As in Fig. 3.43(ii), let P be a point on the minor arc BC of the cir¬ 
cumcircle of the equilateral triangle ABC. Then applying Ptolemy s theorem 
to the cyclic quadrilateral ABPC , we get PA • BC = AB • PC + AC • PB. 
So PA = PB-1 - PC, since AB = BC = CA. 

Theorem 27 (Extension of Ptolemy’s Theorem.) Let ABCD be a quadrilat¬ 
eral which is not cyclic. Then BC.AD -f- AB.CD > AC.BD. 


A 



C 


Fig. 3.44 

Proof. See Fig. 3.44. Let ABCD be a quadrilateral which is not cyclic so 
that angles ABD and ACD are not equal. Make /BAE = /.CAD and 
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/ 4BE = ZACD. Join ED. Then AABE ~ AACD and so 
AB AC 

BE = CD or AB - CD = AC- BE. 

» AR AP 

Also, since A ABE ~ A ACD, ~ = —. 

CA AD 

Also, ZBAC = ZEAD. So, by theorem 6, we see that A ABC ~ A AED 
and so 


BC ED 

— = — ot BC -AD = AC- ED. 
AC AD 


Hence 


AB - CD + BC - AD = AC - (BE + ED) > AC - BD 

• , 

because BED is not a straight line. 

Theorem 28 (Brahmagupta.) If in A ABC, AD is the altitude and AE is 
the diameter of the circumcircle through A, then 

AB-AC = AD- AE. 

AB AD 

Proof: As shown in Fig. 3.45 A ABD ~ AAEC so that 



Fig. 3.45 

Example 11 If ABCD is a cyclic quadrilateral, then 

AC • [AB • BC + CD • DA] = BD [DA - AB + BC - CD]. 
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Proof: See Fig. 3.46. By the last theorem, we have 

A 


ABBC = 2R • BA/, 

DA ■ DC = 2R • DN, 

where R is the radius of the circle. Hence 

AC • [AB • BC + CD • ZM] 

= AC-2P-PM + AC2R-DN 
= 2P[2AA£C 4- 2AACDJ 
= 4RS, 

where S =the area of the quadrilateral 
ABCD. 



Fig. 3.46 


Similarly, BD • [DA • AB + BC • CD] = 4PS, and the result follows. 

Example 12 D,E,F are the midpoints of the sides BC, CA, AB of A ABC. 
Through D, E, F straight lines are drawn meeting in a point P; and through 
A, B, C lines are drawn parallel to DP, EP, FP respectively. Prove that 
these lines also meet in a point. (You may assume that P is inside A ABC.) 



Solution. Let the lines through A and B parallel to DP and EP respectively 
meet in Q. Join CQ. Since DP || QA, EP || BQ and AB || ED, triangles 
QAB and PDE are similar. So QB/EP = AB/DE = 2. Also BC/FE = 
2. Hence QB/EP = BC/FE. Also, Z.QBC - x+ZABC = X+/.DEF = 
ZFEP. Hence A QBC ~ AP EF. Hence QC || PF and the result follows. 


/ 
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Example 13 D is the midpoint of the side BC of A ABC. The line joining D 
and the incentre / of the triangle intersects the altitude AA! at the point P. 
Prove that 1{AP) is equal to the radius of the incircle of the triangle. 

Solution. In A ABC, let D be the midpoint of BC,1 the incentre and P the 
intersection of DI with the altitude AA'. Draw the circumcircle with centre O. 
Now X, the midpoint of arc BC of the circumcircle, lies on AI , and OX is 
the perpendicular bisector of BC. Draw IQ ± AC. 

Since /IAQ = /.BAX = /BCX = \/A, the right triangles AIQ 
and CXD are similar.Also since /IAP — /IXD and /AIP = /XID, 
triangles AIP and X ID art similar. Hence 

AP AI AI _ IQ 

XD “ IX XC XD’ 

But we know that IX = XC. Hence AP = IQ , as required. 

Exercise Set-33 

1. Heron’s formula: In A ABC, let a, b, c denote the lengths of the sides 

BC, CA, AB respectively. Let 2s = a + b + c, so that s is the semi¬ 
perimeter of A ABC. Then show that the area A of A ABC is given 
by _ 

A = y/s(s - a)(s - b)(s - c). 

Hence, or otherwise show that among all the triangles having the same 
perimeter, equilateral triangle has the maximum area. 

2. The centroid G of A ABC, is such that AG = BC. Show that Z BGC = 
90°. 

3. In A ABC, G is the centroid. Prove that 

AB 2 + BC 2 + CA 2 = 3 (GA 2 + GB 2 + GC 2 ). 

4. Theorem: In any triangle, the sum of any two sides is greater than the 
third side. 

5. PQRS is a quadrilateral in which Z PQR — /QRS. Prove that /RSP 
is greater than, equal to, or less than /SPQ according as PQ is greater 
than, equal to, or less than RS. 

6. E is the mid-point of segment AD, which is drawn through A to meet 
the side BC of the equilateral triangle ABC at any point D. Show that 
AE < CE. 
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7. 


8 . 


9. 

10 . 

11 . 


12 . 

13. 


14. 

15. 

16. 

17. 

18. 

19. 


Theorem: In A ABC, straight lines are drawn from the vertices B, C 
to intersect at a point Q within the triangle. Prove that 

(i) AB + AC > OB + OC. (ii) ZBOC > ABAC. 

(iii) AB + AC- [OB + OC\ < 2 • OA. 

Theorem: In triangles ABC and DEF, AB = DE, AC = DF and 
ZBAC > ZEDF. Prove that BC > EF. [ Conversely, if AB = 
DE, AC = DF and BC > EF, then ZB AC > ZEDF. ] 

Square ABCD is divided into two parts by the diagonal AC. Show that 
if O is any point within triangle ABC, then OB < OD. 

In A ABC, AB > AC. Show that median BE > median CF. 

Suppose ABCD is a rectangle and P, Q , R, S are points on the sides 
AB, BC, CD, DA respectively. Show that 

PQ + QR + RS + SP> y/2-AC. 

4 

In AABC, m a + + m c < a + b + c < ~(m a + mj, + m c ). 

o 

In A ABC, O is the circumcentre and H is the orthocentre. If AO = 
AH, prove that ZA = 60°. Also, if the circle BOC passes through H, 
prove that ZA = 60°. 

In A ABC, O is the circumcentre and H is the orthocentre . Then, prove 
that AH 2 + BC 2 = 4AO 2 . 

The incircle of A ABC touches BC at D. Show that the circles inscribed 
in triangles ABD and CAD touch each other. 

In A ABC, let AD be the internal bisector of ZA. Show that, AD 2 = 
AB AC-BD- DC. 

P and P' are points on the circumcircle of A ABC such that PP' is 
parallel to BC. Prove that P'A is perpendicular to the Simson line of P. 

P is a point on the circumcircle of A ABC and O is its circumcenctre. 
Prove that ZAPO = angle between the Simson line of P and BC. 

If, as in Fig. 3.43(i), the diagonals AC, BD intersect in M, then prove 
that 

AB • BC BM 
AD • DC ~ DM * 
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20. Two circles intersect in points A and B. PQ is a line segment through 
A and terminating on the two circles. Prove that BP/BQ is constant for 
all allowable configurations of PQ. 

21. A hexagon inscribed in a circle has three consecutive sides of length 
a and three consecutive sides*>f lengths b. Determine the radius of the 
circle. 

22. Consider a triangle P\P 2 Pz and a point P within the triangle. Lines 
PiP,P 2 P,P 3 P, intersect the opposite sides in points Qi,Q 2 , Q 3 re¬ 
spectively. Prove that out of the numbers 

\ 

PiP P 2 P P3P 
PQi'PQ^PQ* 

at least one is < 2 and at least one is > 2. 

23. If a quadrilateral ABCD circumscribes a circle, show that AB + CD = 
BC + DA. Conversely, show that if a convex quadrilateral ABCD is 
such that AB + CD = BC + DA, then a circle can be inscribed in the 
quadrilateral. 

24. A quadrilateral inscribes a circle and it also circumscribes another circle. 
If the sides of th e qua drilateral are a, b, c, d, show that the area of the 
quadrilateral is Vabed. 

25. Show that the harmonic mean of the altitudes of a triangle is equal to 3 
times its inradius. 

26. ABCD is a square. E is a point inside the square such that mZEBC = 
mZECB = 15°. Show that A AED is equilateral. 

27. In the triangle ABC, AB = AC; the altitude AD of the triangle meets 
the circumcircle at P; prove that AP.BC = 2AB.BP. 

28 P is a point on the minor arc AB of the circumcircle of the square 

, PA + PC PD 
ABCD; prove that pB + p p = Jq- 

29. P is a point on the minor arc AB of^the circumcircle of the regular 
pentagon ABCDE; prove that pB + p p = ~pc' 

30. P is a point on the minor arc AB of the circumcircle of the regular 
hexagon ABCDEF; prove that PE + PD = PA + PB + PC + PF. 
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31. P is a point on the minor arc AB of the circumcircle of the regular 
pentagon ABCDE\ prove that PA + PB + PD~PC + PE- 

32. P is a point inside a parallelogram ABCD, such that 

/.APB + Z CPD = 180°; 

prove that AP • CP + BP • DP = AB • BC. 

33. If P,Q,R are points on the sides PC, CA , AB of a triangle, such that 
the perpendiculars to the sides at these points are concurrent; then show 
that 

BP 2 + CQ 2 + AR 2 = PC 2 + QA 2 4- RB 2 . 

34. Two circles of radii a and b touch each other externally and they also 
touch a line. A circle of radius c is inscribed in the region in between the 
circles and the line to touch the both the circles and the line. Show that 

_L = J_ + _L 

y/c yfa y/b 



35. Two circles Ci, C 2 of radii a and b touch each other externally and they 
both touch a unit circle C internally. A circle C 3 of radius r is inscribed 
to touch the circles C \, C 2 externally and the circle C internally. Show 
that 

ab 

r ~ 1 - ab' 
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3.5 Constructions 

Notation. In AABC , we denote by (i) a, b, c the lengths of the sides opposite 
to A , B,C; (ii) h a , /i6, h c the altitudes on BC,CA, AB\ (iii) m a , m b , m e 
medians to BC, CA , /IB; (iv) t a , 4, t c , the bisectors of angles >4, B, C. 

I. To construct A ABC when the stated elements are given. 



B X C B p D C 


(i) 


Fig. 3.48 


(ii) 


(a) Given m b , m c , h a . (See Fig. 3.48(i». Construct A GBC with altitude 
GX = h a /3 and sides GB = 2m&/3, GC = 2m c /3. Then AABC can be 
easily completed. 


(b) Given m 0 , m b , h a (See Fig. 3.40(H)). First construct right angled triangle 
APD with side AP = h a and hypotenuse AD = m a . Divide AD at G in the 
ratio 2:1. Take B on PD such that GB = 2 m b /3 and produce BD to C 
such that BD — DC. Join A to B and C. 

A 


(c) Given m a , m b , m c . 

First construct A BGG' with sides 
GG\ BG, BG' equal to 2/3 times 
m Q , m b and m c . Find midpoint D 
of GG'. Produce BD to C so that 
BD = DC. Produce G'G to A so 



that G'G = GA. Join AB and AC. G' 


Fig. 3.49 


(d) Given h ai h b , h c . Since a.h a = b.h b = c.h e - twice the area of AABC, 
we see a, b, c are inversely proportional to the altitudes h a , h b , h c . So first con¬ 
struct line segments inversely proportmnal to h a , h b , h c as follows. As in Fig. 
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3.50(ii), draw a circle of sufficiently large radius. In it take a point P suf¬ 
ficiently close to the circumference. Find points A\,B\,C\ on the circle at 
distances h a , ^6, h c from P. Let the lines meet the circle again at A 2 , B 2 , C 2 . 
Then by theorem 12, we see that PA 2 , PB 2 , PC 2 are the required segments. 
Construct A AM N with sides MN, AM, AN equal to these segments. En¬ 
large or reduce AAMN to obtain A ABC with given altitude h a . 



Fig. 3.50 


(e) Given m a ,h a ,t a . First construct right angled triangle ADX with AD = h a 
and hypotenuse AX = t a . Draw AL so that ZXAL = ZD AX. Find A' on 
DX (produced if necessary) such that AA' = m a . Then by theorem 23, we 
see that the perpendicular to DX through A' meets AL at O, where O is the 
circumcentre of the required A ABC. Hence the circle with centre O and radius 
OA cuts DX at B and C. See Fig. 3.51 (i) 



Fig.3.51 

II. To inscribe a square PQRS in a given triangle ABC such that P is 
on AB, Q is on AC and R, S are on BC. For this draw FE parallel to BC 
through A. Find E such that AE = altitude AD as in Fig. 3.51 (ii). Let EB 
cut AC in Q. Then rectangle PQRS is as required. 
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III. To inscribe in a given A ABC a 
triangle similar to a given A XYZ. 

For this, as in Fig. 3.52, draw EF 
parallel to YZ. Then draw DF || 

XZ and DE || XY to meet in 
D. Produce CD to meet AB in P. 

Draw PR || DF and PQ || DE. 

Join QR. Then APQR is as re¬ 
quired. 

% • 

IV. To construct a square whose area is equal to the area of a given rectangle 
ABCD using unmarked ruler and compass only. As in Fig. 3.53(i) produce 
AB to E so that BC — BE. Draw a semicircle with AE as diameter and let it 
meet CB produced at G. Then BG equals a side of the required square. 



A 



Fig.3.53 


V. To find a point P in a given acute-angled triangle ABC such that PA + 
PB + PC is minimum. Take any point P inside A ABC. Join P to A , B, C 
and as in Fig. 3.53 (ii), rotate A APB through 60° about B to obtain A A'P'B. 
Then A ABA' and A PBP' are equilateral. Hence PA + PB + PC = A'P' + 
P'P + PC and three segments A'P', P'P and PC form a path from A' to C. 
This path, in general, has angles at P' and P and it has minimal length when 
it is straight, in'which case /BPC = 120° and /APB = /.A'P'B = 120°. 
Thus the required point P, for which PA -I- PB + PC is minimum, is the point 
at which each of the sides BC, CA, AB makes an angle of 120 . This point 
P can be constructed thus: P is the second intersection of line CA with the 
circumcircle of the equilateral A ABA'. 

VI. L is a line and A, B are points not on L and lying on the same side of L. 
To find a point P on L such that AP + PB is minimum. As in Fig. 3.45, let A' 
be the reflection of A in L. Let A!B meet L in P. Then P is the required point. 
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For if R is any other point on L, then AR + RB = A'R + RB > A'B = 
A’P + PB = AP + PB. 



VII. To inscribe a regular pentagon in a given circle. See Fig. 3.55. 

Draw the circle with centre O and let P be a point on it. Construct OBIOP 
meeting the circle in B. Bisect OB at D. Bisect ZODP and let the bisector 
meet OP at N. Construct NQ±OP meeting the circle in Q. Then PQ is a 
side of a regular pentagon inscribed in the given circle. 

Exercise Set-3.4 

1. ABC is a given triangle; construct a point P such that PA : PB : 
PC = 1:2:4. 

2. ABCD are four collinear points; construct a point P at which AB, BC , 
CD subtend equal angles. 

3. Given the base, vertical angle and the ratio of the sides containing it, 
construct the triangle. 

4. Construct a triangle, given the lengths of one side and two medians. 

5. Given A, N , H construct the triangle ABC. 

6. Three distinct concurrent lines are given. Construct an equilateral trian¬ 
gle having exactly one vertex on each of the given lines. You are allowed 
to use unmarked ruler and compass only. Justify your construction. 
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3.6 Solved Problems 

Example 14 A straight line cuts two concentric circles in points A, B, C and 
p in that order. AE and BF are parallel chords, one in each circle. If CG is 
perpendicular to BF and DH is perpendicular to AE , prove that GF = HE. 



Fig. 3.56 


Solution. Let DH intersect BF at P. Let AB = m. Then CD - m, since the 
chords AD and BC have a common perpendicular bisector as the circles are 

concentric. Then in right angled triangle GPH , 

Gl j 2 = Qpi + pH 2 = m 2 sin 2 D + m 2 sin 2 A = m 2 , 

since angles A, D are complementary. So GH = m and the trapezium ABGH 
is isosceles (Note that BG < AH). Since AE and BF are parallel chords 
in two concentric circles, they have a common perpendicular bisector. Hence 
IheT^um ABFE is also isosceles. Hence EFGH is a parallelogram and 

GF = HE. 

Example 15 Construct AABC, given LA, side AC and the radius r of the 
inscribed circle. Justify your construction. 

Solution. Analysis: Let / be the mcentre. Let ID, IE, IF be the petpendicu- 
lars from I to the sides BC, CA and AB. 

Then LFIE = 180° - LA. -dii IE and 

a i 80 °-ADraw the tangents a. F and E meeting in 
I Produced £ to C so drat AC is as given. With centre C draw anan: w«h 
md™ £ to cut the incircle a. D. Pmduce CD to meet AFmB. Tlren ABC 

is the required triangle. 
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Example 16 A ABC is right angled at C. The internal bisectorsof IA and 
meet BC and CA at P and Q respectively. M and N are the feet of the 
perpendiculars from P and Q to AB. Find /MCN. 


A 



Solution. Since /BNQ = Z.BCQ = 90°, B,C,Q,N are cdncyclic and 
so /CNQ = f = Z NCQ . Similarly,4, P,M,C are concyclic. Hence, 
/MCP = 4 = ZFMC. Hence, f + Z MCN + f= ZACB = 90°. 
Since Z.A + Z B = 90°, we get /.MCN = 45°. 


Example 17 Three circles Ci, C 2 , C 3 with radii n, r<i, (ri < r -2 < ^ 3 ) 
respectively are given. They are placed such that C 2 lies to the right of C\ 
and touches it externally; C 3 lies to the right of C 2 and touches it externally. 
Further, there exist two straight lines each of which is a direct common tangent 
simultaneously to all the three circles. Find r 2 in terms of T\ and 7 * 3 . 



Solution. Let the given common tangents l, m meet at P. We observe that 
the centres, say A , B, C of the given circles will lie on the angle-bisector of 
the angle between l and m. Let these circles touch m at D, E, F respectively. 
Draw AKLBE. We have 

DE = AK = \/(AB)2 - (BK ) 2 

= N/fo + n ) 2 - (r 2 — r \) 2 = 2 y/r^. 
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Similarly EF = 2^37*3. Let m/APD = 0 and PD = x. Then 


tan 6 


Hence, 


ra -n 


AD _ BE CF 
PD~ PE~ PF 

n _ r 2 _[3__ 

x x + 2y/rir 2 x + 2\J2r\r 2 + yJr 2 Tz 

rs r r 2 

Is/rUri' 


Thus, v /r^(r 2 - n) = ^/rTfo - r 2 ). Therefore, 


r 2 (>A3 + \/n) = Vnr3(\/n + v/^* 

Hence, r 2 = ^rir 2 . 


Example 18 Let ABC be a triangle with unequal sides. The medians of 
A ABC, when extended, intersect its circumcircle in points L, Af, N. If L lies 
on the median through A and LM = LN , prove that 


2 BC 2 = CA 2 4- AB 2 . 

Solution. We note that the triangles AGB and MGL are similar because 
/.GAB = /GML (same segment) and /AGB = /MGL. Hence 


A 



AG 

MG 


AB 

LM 


i.e. AG = MG 


c 

LM 


( 1 ) 
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Similarly, AAGC ~ A7VGL and so 


AG 

NG 


AC 

NL 


i.e. AG = NG -^-r. 

NL 


Also, by data, LM = LN. Hence by (1),(2) we get 


MG _ b 
GN ~ ~c 

Since the chord DM and CN intersect at G , we have 


( 2 ) 


(3) 


BG • GM = CG • GN. 

So by (3), BG • b = CG • c and so 

\BB' - b= ?CC' • c or 2 BB' 2 • b 2 = 2CC ' • c 2 . 
So, applying Apollonius' theorem twice we get 

& 2 (c 2 + a 2 — 2AB 12 ) = c 2 (a 2 + 6 2 - 2AC' 2 ), 

h 2 (c 2 + a 2 -|6 2 ) = cV + 6 2 - ic 2 ), 

a 2 (6 2 -c 2 ) = i(6 4 -c 4 ), 

2a 2 = 6 2 + c 2 , as 6^c. 


Solutions to Problems 

Problem 1 By Theorem 3, since PQ || BC, we get the equality AP/PB = 
AQ/QC. Similarly, we have, the equalities CR/RB = CQ/QA , 

BR/RC = BS/SA , AT/TC = AS/SB, and CTfTA = CU/UB. 

Multiplying these five equalities we get AP/PB = CU/UB. So, by Theorem 

3, PC/|| AC. 

Problem 2 Let ABAC = x, ABDC = y, and AEDC — z. Then by data, we 
get AAED = x, ABCD = AABC = y, and AEBD = 2 . Now for A EBD, 
exterior angle AED = the sum of the interior opposite angles EDC and EBD 
i.e. x = z + z = 2z. Similarly, from A ABD we get y = x + z so that y = 32. 
Finally, from A ABC we get x -f 2y = 180° so that 2z + 62 = 180° i.e. 
2 = 22.5°. Hence AA = x = 2z = 45°. 
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Problem 3: We will show that TX = TY. Let /LTOX = Y.XOA = x 
and Z OTA = y. Then since OT touches the circle at T, AT BA — y. So 
from A TOX, ATXY = x + y and from A YOB, ATYX = x + y. Thus 
ATXY = i + y = AT\ X so that ATAT is isosceles. 

Problem 4: Hint: Join OR. > 

Solutions to Exercise Set-3.3 

11 . Assume that AB > BC. Then AC 2 = AB 2 + BC 2 < 2 AB 2 so that 
AC < V 2 • AB. Also, SP + PQ > SQ, QR + RS > SQ. Hence SP + 

PQ + QR + RS > 2 • SQ > 2 • AB = 2 • AC/v/2 = V2 • v4C. 

12. Let D,E,F be the midpoints of BC,CA,AB and G be the centroid. 
Then in A ADE, AD < AE + ED or m a < (6/2 + c/2). Similarly we get 
m b < (c/2 4- a/2) and m c < (a/2 + 6/2). Adding these three inequalities we 
get m a + m b + m c < a + b + c. Next from A BCG, BG + GC > BC or 
\m b + §m c > a or 2(m b + m c ) > 3a. Similarly we get two more inequalities 

and adding them we get 3(a + 6 + c) < 4(m a +m b + m c )• 

16. Let AD produced meet the circumcircle of A ABC in L. Then, clearly, 

A ABD is similar to A ALC. Hence AB/AL = AD/AC. Hence, 

AB • AC = AD • AL = AD(AD + DL) 

= ad 2 + ad-dl = ad 2 + bd-dc. 


23. First, suppose that the quadrilateral ABCD circumscribes a circle so that 
its sides AB, BC, CD, and DA touch the circle respectively at points P, Q, R, 
and 5, say. Then AP = AS, BP = BQ, CQ = CR, and DR = DS. Hence 
AB + CD = AP+PB + CR + RD = AS+BQ+QC + SD = AD + BC. 

Conversely, let convex quadrilateral ABCD be such that 

AB + CD = BC + DA. (0 

If AB = BC, then by (i), DA = CD, so that ABCD is a kite and the internal 
bisectors of angles A and C meet on BD, by symmetry, at O, say. Then 
clearly a circle can be inscribed in the quadrilateral with centre O. Otherwise, 
let AB > BC. (Fig. 3.60) Then by (i), DA-CD = AB - BC and so DA > 
CD, also. Take point X on side AB such that BX = BC and point Y on side 
DA such that DY = DC. Then by (i), AX = AY. The internal bisectors of the 
angles B, A, D bisect at right angles the bases of the isosceles triangles BCX, 
DCY and AXY and so they meet at the circumcentre say O', of A CXY. 
The point O' is equidistant from all the sides and lies within the quadrilateral. 
Hence a circle with centre O' can be inscribed in the quadrilateral. 
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Fig. 3.60 

24. First, consider a general convex quadrilateral ABCD. Denote the lengths 
of its sides and diagonals thus: AB = a, BC = b, CD = c, DA = d, 

AC =* x, and BD = y. Let S be the area and s = - (a + 6 + c + d) be the 
semi-perimeter of the quadrilateral. Then S = A ABC -I- AAC D so that 

4S = 2ab sin B + 2cd sin D. (1) 

Also, a 2 + b 2 - 2a6cos B = x 2 = c? + d 2 - 2cd cos D so that 

a 2 + b 2 — c 2 — d 2 = 2abcosB — 2cdcos D. (2) 

From (1) and (2) by squaring and adding, 

16S 2 -I- (a 2 + 6 2 - c 2 - d 2 ) 2 = 4a 2 6 2 + 4c 2 d 2 - Sabcdcos(B + D) 

= (2ab + 2cd) 2 - 8a6cd[l -1- cos(B + D)]. Hence 

16S 2 = (2a6 + 2cd) 2 — (a 2 -1- 6 2 — c 2 — d 2 ) 2 — 16a6cdcos 2 — 

= [(a + b ) 2 - (c - d) 2 ] [(c + d) 2 — (a — 6) 2 ] 

— 16abcdcos —-— 

= (a + 6 + c- d)(a + 6- c-fd)(c + d + a-6)(c + d- a + 6) 

2 B + D 

— 16aocdcos —-— 

~B + D 

= (2s — 2d)(2s - 2c)(2s — 26)(2s — 2 a) — 16o6cdcos 2 —-— 
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Sc 

5 2 = (s - a)(s — b)(s — c)(s - d) - abed cos 7 - ^ —• (3) 

When the lengths of the sides of the quadrilateral are given, (3) shows that the 

area of the quadrilateral is greatest when cos %(B+D) = 0 i.e. when B+D = 
180° i.e. when the quadrilateral is cyclic. Also, when the quadrilateral is cyclic, 
its area is given by 

5 = y/(s — a)(s — b)(s — c)(s — d). (4) 

«■* * ■ 

If the quadrilateral is cyclic and also has an inscribed circle, then as seen above, 
we have a + c = b + d= ±( a + b + c + d ) = s. Hence s-a = c, s — c = a, 

s - b = d, and s - d = 6. So (4) gives 

5 = Vabcd. 


31. 


PA DE + PD AE = PE AD = PE- BD ; 

PE - BD + PB - DE = PD - BE = PD - EC; 

PD-EC = PE - DC + PC - DE; 

add all the three results; then 

PA - DE + PD - AE + PB • DE = PE - DC + PC - DE, 
but DE = AE = DC. 

34. Hint: Let 0'Q±-0"P and TS be the common perpendicular to 0"P and 
O'P through O. Then PP ' 2 - SO 2 = OO " 2 - 0"S 2 = (a + c) 2 - (a - c) 2 = 
4ac so that PP' = 2 -Jac,. Similarly, P'R = 2 Vbc. Also PR 2 — QO r 2 = 
O’O " 2 - O n Q 2 =(o + &) 2 - (a - b ) 2 = 4a6 so that PR = 2\/ab. Now 

PR = PP' + P'R. 

35. Hint: First, 2a + 26 = AB = 2 so that a + 6 = 1. Using cosine rule for 
triangles PRO and PRQ, we get 

(1 — r) 2 = (a + r) 2 + (1 — a) 2 — 2(a + r)(l — a) cos a, 
and (6 + r) 2 = (a + r) 2 4-(a + 6) 2 - 2(a + r)(a -f 6 )cosq. 

Now put a + 6 = 1 and eliminate a. 
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Solutions to Exercise Set-3.4 

5. Observe that N is midpoint of OH. Hence, we get CM, the circumradius of 
A ABC. Also, observe that CM' || AH and OA! - - AP. 

6. Let the given lines be denoted by l, m, n and be concurrent at O. 
Construction: 

• Choose any point P, other than O, on m. 

• Draw ZAPO = ZCPO = 60° such that A and C lie on l and n respec- 
tively.Complete the triangle APC. 

• Draw the circumcircle of triangle APC. Let it intersect m again at B. 
Then A ABC is as required. 

Justification: Note that ABCP is a cyclic quadrilateral and 

ZABC = ZACB = 60° 

as they are inscribed in the arcs having measure 60°. Hence A ABC is equilat¬ 
eral as desired. 

444 


A 
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Combinatorics is concerned with arrangements of the objects of a set into 
patterns. Thus in combinatorics we deal with the problems of existence, count¬ 
ing and generation of arrangements of a specified kind. Two basic counting 
principles, namely the Addition Principle (A.P.) and the Multiplication Prin¬ 
ciple (M.P.) are already known to the reader. In this chapter, we apply A.P. 
and M.P. to count permutations and combinations of objects with or without 
repetition. Then we introduce the Bijection Principle, the Inclusion-Exclusion 
Principle, the Pigeonhole Principle and the method of recurrence relations. 

4.1 Basic Counting Principles 

Addition Principle (A.P.): If a finite set S of objects is divided into two dis¬ 
joint subsets Si, £ 2 , then the number of objects in S (denoted as |S|) can be 
determined by finding the number of objects in Si and S 2 and adding them, 
i.e. |S| = ISil + |Sa|. 

This principle can be extended, by induction, to the case of more than two 
subsets as follows: 

If a finite set S of objects is divided into mutually disjoint subsets Si,..., S m , 
then the number of objects in S can be determined by finding the number of 
objects in Si,... ,S m and adding them, i.e. |S| = |Si| + ... + |S m |. 

The addition principle can be stated in terms of choices as follows: 

If a set S contains m objects and a set T contains n objects and S and T are 
disjoint sets, then the total number of ways of choosing one object from S or 
T is m 4- n. 

Multiplication Principle (MP): If an action A has m different outcomes and a 
second action B has n different outcomes, then on performing both the actions 
A and B , in that order, we get mn composite outcomes, provided all these 
composite outcomes are distinct. 

This principle can also be stated as follows: 

If A , B are finite sets containing m and n objects respectively, then the 
Cartesian product A x B = {(x, y) \ x e A, y e B} contains run ordered 
pairs. 
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The multiplication principle can be extended, by induction, to any finite 
number of actions as follows: 

Multiplication Principle (MP): Suppose a procedure can be broken into m 
successive ordered stages, with r\ outcomes in the first stage, r? outcomes in 
the second stage, ... , r m outcomes in the m th stage. If all these compos¬ 
ite outcomes are distinct, then the total procedure has ri • r? • • • r m different 
composite outcomes. 

In solving problems, we shall apply one or both of the above principles. In 
general, the method is as follows: 

If the given problem can be divided into mutually exclusive cases, then we 
apply AP and the total count is the sum of the counts obtained in the various 
cases. If we have to perform 2 or more actions, in succession, then we apply 
MP and the total count is the product of the counts obtained in the various 
stages. Also, we must note carefully whether repetition is allowed and whether 
order is to be taken into consideration. 

Example 1 Find the number of 2-digit numbers which are even and have dif¬ 
ferent digits. 

Solution. Since the number lOx+y is to be even, its units digit y must be even: 
0,2,4,6,8. So, y can be chosen in 5 ways. Also, the tens digit x must be non¬ 
zero and different from the units digit. Hence we have 2 mutually exclusive 
cases: (a) Let y = 0. Then x can be chosen in 9 ways. This gives 9 numbers, 
(b) Let y be non-zero. Then y can be chosen in 4 ways and x can be chosen in 
8 ways. This gives, by the multiplication principle, 4 x 8 = 32. Hence, by the 
addition principle, the total number of required numbers is 9 + 32 = 41. Note 
that if we first choose x from {1,2,..., 9}, then we have to proceed differently. 
In fact, we then have the following 2 mutually exclusive cases: (i) x odd (ii) 
x even. In case (i), x can be chosen in 5 ways and y in 5 ways giving in all 
5 x 5 = 25 numbers and in case (ii), x can be chosen in 4 ways and y in 4 ways 
giving in all 4 x 4 = 16 numbers. Hence, by the addition principle, the total 
number of required numbers is again 25 + 16 = 41. 

Example 2 How many numbers can be formed from some or all of the digits 
2,3,4,5 if no number is to have repeated digits? 

Solution. The number can be of 1. 2, 3 or 4 digits. Of these types there are 
respectively, 4,4x3, 4x3x2 and 4x3x2xl numbers that can be formed from 
the digits 2,3,4,5 without repetition. So, in all, there are 4+12+24+24 — 
numbers. 
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Example 3 A binary word or a binary sequence of length ms a sequence of 
length n such that each of its terms is 0 or 1. 

(i) How many binary words of length n are there ? 

(ii) How many binary words of length 10 begin with three Os ? How many en 

with two Is? • n l 

Solution, (i) Each of the n terms in the word can be chosen in 2 ways: U or J. 

Hence, by MP, there arc 2 n binary words of length n. 

(ii) Let A = set of binary words of length 10 which begin with three 0 s and 
let B = set of binary words of length 10 which end with two 1 s. A 

word in A is of the form 000-where each of the 7 dashes is either 

Oor 1. Hence | A | = 2 7 . Similarly, a word in Bis of the form 
where each of the 8 dashes is either 0 or 1. Hence |B| = 2 . 

We now state the third basic counting principle: 

Bijection Principle (BP): If two finite sets 5 and T can be put into one-to- 
one correspondence with each other, then they contain the same number o 
elements, i.e. |S| = |T|. 

Hence, the number of elements in a given finite set S can sometimes be 
found in the following way: discover a set T which is in one-to-one corre¬ 
spondence with S and the number of elements in T is known, say n. Then the 
number of elements in S is also n. 

For example, consider an n-set S = {ai, a 2 ,.. • > <*n}- Let A be the family of 
all subsets of S and B the family of all binary words of length n. We define 
a correspondence between A and B in the following way: a subset T of S 
corresponds to the binary word t = (xi,...,x„) where - 1 if «i is in 
T and n = 0 if a, is not in T. (for example, if n = 4, the subset {a 2 ,a 4 } 
corresponds to the binary word (0,1,0,1) of length 4.) Clearly, the binary 
word t is uniquely defined when T is given. Conversely, every binary word of 
length n uniquely corresponds to a subset of S. (For example, if n -5, the 
binary word (1,0,0,1,1) corresponds to the subset {«i, a 4 , a s }.) Thus T ~ < 
is a one-to-one correspondence between the families A and B and so, by BP. 
|A| = |B|. But as seen in Example 3 (i) above, |B| = 2 n . Hence \A\ - 2 . 

Note. In a standard pack of playing cards, there arc 5 2 cards. These ire di¬ 
vided into 4 suits of 13 cards each: spades (*), hearts (<?), diamonds (0) and 
clubs (*)• Each card has a rank. The ranks of the 13 cards in each suit arc 
2 3 4,... 10, Jack, Queen. King and Ace. Two or more cards are said to be of 
the same kind if they are of the same rank. A pair is a set of two cards of the 
same kind (i.e. 2 twos or 2 eights or 2 kings etc.). 
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Exercise Set- 4.1 


A new club flag is to be designed with 6 vertical stripes using some or all 
of the colours yellow, green, blue and red. In how many ways can this 
be done so that no two adjacent stripes have the same colour ? 


How many different five-digit numbers are there (leading zeros, e.g. 
00144, not allowed) ? 

^{fiTHow many even 5-digit numbers are there ? 


J^ifHow many 5-digit numbers are there with exactly one 3 ? 

Jitf ”How many 5-digit numbers are there that are the same when the 
order of their digits is inverted (e.g. 14341) ? 


3. How many times is the digit 0 written when listing all numbers from 1 
to 3333? 


How many times is the digit 5 written when listing all numbers from 1 
X tolO 5 ? 



How many non-empty collections of letters can be formed from three A*s 
and five B’s ? 


/ Show that the number of ways of making a non-empty*collection by 

choosing some or all of ni 4- n 2 H-1- n * objects where r*i are alike 

of one kind, n 2 alike of second kind,... ,n* alike of k th kind, is 


(ni + l)(n 2 -I-1) • • • ( rik + 1) — 1. 

7. Show that the total number of subsets of a set S with n elements is 2". 

8 . How many positive integers are factors of 30030? 

9. Let A = {1,2,and B = {1,2,...,n} where m,n are positive 
integers. How many functions are there from A to B ? How many one- 
one functions are there from A to B ? 

10. A = {ai, 02 , 03 ,..., a„} and B = { 61,62 }• Find the number of onto 
functions that can be defined from A to B. 

11. How many functions are there from the set {1,2__ n} to the set {0,1} 

(i) that are one-to-one ? (ii) that assign 0 to both 1 and n? (iii) that assign 
1 to exactly one of the positive integers < n? 
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ff 

Solutions to Exercise Set 4.1 

1. Let abcdef denote the 6 vertical stripes in order from the left. Then a 
can be of any one of the 4 colours; then 6 can be of any one of the other 3 / 
colours; then c can be again of any one of 3 colours since the colour used 
for a is now available. Similarly, there are 3 possible colours for each of 

d, e, /. Hence, by MP, there are 4 x 3 5 ways of designing the flag. 

2. (i) A 5-digit number is of the form abcde where a,..., e are the digits in 
it and a is the leading digit. Now a cannot be 0 and so can be chosen in 
9 ways (any one of 1,..., 9). Each of the remaining digits can be chosen 
in 10 ways since repetition is allowed. So, in all 9 x 10 4 ways. 

(ii) The number abcde is even if and only if the units digit e is even; so 
there are 5 choices for e : 0,2,4,6,8. So in all 9 x 10 3 x 5 ways. 

(iii) Two cases: either only o = 3 or exactly one of 6, c,d,e = 3. There 
are 9 4 ways in the first case and 8 x 9 3 x 4 in the second case (factor 4 
for the 4 subcases b = 3 or c = 3 etc,); so in all 9 4 + 8 x 9 3 x 4 ways. 

(iv) By the given'condition, the values of a, b , c fix the values of d, e : 
e = a, d = 6. Hence, the number of ways is 9 x 10 2 . 

3. We are considering the integers t such that 1 < t < 3333. Clearly, the 
largest number t having 0 in the units place is 3330. So there are 333 
numbers t having 0 in the units place: they are 10,20,..., 3330. We can 
describe these numbers as t = xO where x is any one of 1,2,... 333. 
Similarly, numbers t = xOy i.e. numbers having 0 in the tens place are 
in all 33 x 10 because x can be any one of 1,2,... 33 and y can be any 
one of 0,1,2,... 9. Thus there are 33 x 10 = 330 numbers like xOy. In 
the same way, there are 3 x 10 2 = 300 numbers with 0 in the hundreds 
place (i.e. xOyz where 1 < £ < 3, 0 < y,z < 10). Hence the total 
number of times 0 is written is 333 + 330 + 300 = 963. 

[We assume in this solution that the number such as 11 is written as 11 
and not as 0011.] 

4. Since we are counting the occurrences of digit 5, consider integers t 
such that 1 < t < 10 5 . Clearly, the largest number t having 5 in the 
units place is 99995. So there are 1 + 9999 = 10 4 numbers t having 5 
in the units place: they are 5,15,25,..., 99995. We can describe these 
numbers as t = x5 where x is any one of 0,1,2,... 9999. Similarly, 
numbers t = x5 y i.e. numbers having 5 in the tens place are in all 
(1 + 999) x 10 = 10 4 because x can be any one of 0,1,2,... 999 and y 
can be any one of 0,1,2,... 9. In the same way, there are 10 4 numbers 
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in each of the following cases: numbers with 5 in the hundreds place or 
thousands place or ten thousands place. Hence the total number of times ^ 
5 is written is 10 4 x 5. 

5. A collection is determined once we know the number of times A occurs 
in it and the number of times B occurs in it. Let these numbers be i 
and j respectively. Then i takes values from 0 to 3 and j from 0 to 5. 
Hence to obtain a collection we have 4 choices for i and 6 choices for j 
so that there are 4 x 6 = 24 collections (for example, i = 1, j = 2 gives 
the collection {A, B, B}). The empty collection corresponds^) letting 
t = j = 0; so that omitting this case there are 24 — 1 = 23 non-empty 
collections. The next problem gives the general case of this residt. 

6. To make a collection we have to select a certain number of objects of 
each kind. Now for each value of r, 1 < r < k, from n r like objects we 
can choose 0,1,..., or n r objects; i.e. there are n r 4-1 choices. Hence, 
by MP, there are in all (ni 4- l)(n 2 + 1) • • • (n* 4- 1) collections and so 
the number of non-empty collections is (ni 4-1)(^2 4-1) • • • (Tik 4-1) — 1. 

As an application, let us answer the following question: How many dif¬ 
ferent numbers can be formed by the product of two or more of the num¬ 
bers 3,4,4,5,5,6,7,7,7 ? The numbers formed by products whose factors 
are taken from the given numbers exactly correspond with non-empty 
collections made from the 9 objects 3,4,4,5,5,6,7,7,7: for example, the 
number 4 x 5 2 x 7 2 corresponds with the collection 4,5,5,7,7. Hence, by 
the last example, the total number of such numbers is 

(m + 1) •••(»*4-1) —1 = (14-1)(24-1)(2+1)(1 + 1)(34-1) —1 = 143. 

Hence, on omitting the 9 given numbers, the numbers formed by prod¬ 
ucts of two or more numbers are in all 143 - 9 — 134. 

7. Let S = {ai, o 2 ,..., a n }. Note that we form a subset T of S, in n 
stages as follows: we have 2 choices for a\ : either a* is included in T 
or a\ is not included in T. Similarly, we have 2 choices for a 2 : either 
02 is included in T or a 2 is not included in T, etc. Finally, we have 2 
choices for a n : either a n is included in T or a„ is not included in T. (For 
example, if n = 4, then the subset { 02 , 04 } corresponds to the sequence 
of choices no, yes, no, yes.) Hence, by MP, the total number of subsets 
is 2x2x---x2(n factors) i.e. 2 n . 

8. Here m = 30030 = 2x3x5x7x11x 13, and each prime factor 
occurs only once. Hence every factor of m corresponds to the product of 


o 
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elements of a particular subset of the 6 -set S = {2,3,5,7,11,13}. Note 
that the empty subset corresponds to the factor 1. Hence the number of 
factors of m is equal to the number of subsets of 5 , namely 2 °, by the 
last problem. 

t 

9. A function / from A to B corresponds to the ordered set given by 
(/(!)> • • • > f( m )) of m elements where f(i) is the value of / at i. Now 
for each i in A , /(i) can be chosen in n ways from B. Hence, by the 
multiplication principle, there arenxnx..,xn(m factors) = n m 
functions from A to B. 

The number of one-one functions will be n(n — 1 ) • • • (n — m +1). Thus, 
*if n < m then the number of one-one functions is zero and if n > m 

fi\ 

then the number of one-one functions is 7 - : ——. 

(n — m)! 

Remark. We will obtain a formula for the number of functions from A 
onto B in §4.4 below, by using the Inclusion-Exclusion Principle. The 
next problem is a special case. 

10. The function is to be onto B and so it must take on both the values 61 
and 62 - So there are 2 choices for the value of the function at each of 
the n elements of A , namely 61 or 62 , excepting the case when all values 
are equal to 61 and the case when all values are equal to 62 - Hence the 
number of required functions is 2 n — 2 . 

11. (i) If n = 1, the number of one-to-one functions from A to B is 2: the 
function which maps 1 to 0 and the function which maps 1 to 1. If n = 2, 
the number of one-to-one functions from A to B is again 2: the function 
which maps 1 to 0 and 2 to 1 and the function which maps 1 to 1 and 2 
to 0. If n > 3, the number of one-to-one functions from A to B is 0. 

(ii) The number of required functions is 1 if n = 1. If n > 1, it is 2 n_ , 
since /( 1 ) = 0 , f(n) = 0 and each of /( 2 ), ..., /(n - 1 ) can be 0 or 1 . 

(iii) The number of required functions is 2(n -1), since for each number 
k = 1,2,...»(n — 1), we have the function / for which f{k) — 1 and 
f(i ) J o’ for every i, 0 < i < (n - 1), i ± k, and f{n) = 0 or 1. 

4 # 2 Permutations - Combinations 

By an r-permutation of a set S ={ 1 , 2 ,... ,n}, we mean an ordered arrange- 
ment of r of the n elements of 5 in a row. 
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Theorem 1. The number of r-permutations of a set 5 containing n different 
objects is denoted by P{n , r) or n P r and is given by 

n P r = n(n - l)(n - 2)... (n - r + 1) = ^ n S r ji ‘ 


By an r-combination of a set 5 = {1,2,..., n}, we mean an unordered selec¬ 
tion of r of the n elements of 5. 

Theorem 2. The number of r- combinations of an n— element set is denoted 
by (") or "C r or C(n, r) and is given by 

n r nl 

r r!(n - r)!’ 

Theorem 3 (Binomial Theorem). For every positive integer n, we have 

(x + a) n = n C 0 x n + n Cix n_1 a + n C 2 x n ~ 2 a 2 + 

■+■ ... H- n C r x n r Q, r 4-... -I- n C„a n . (1) 

Before giving a combinatorial proof of this theorem we consider an example: 
To evaluate the power (x + y) 3 i.e. the product 

(x + y)(x + y)(x + y) 
we have the following procedure: 

1. Choose one term from each factor (2 choices: x or y) and multiply the 3 
chosen terms together to obtain a monomial. For example, taking x from 
the first factor, y from the second factor and x from the third factor, we 
get the monomial xyx or x 2 y. There are in all 2 3 such monomials. ' 

2. Take the sum of all the 2 3 monomials to obtain the expansion of the 
above product. Thus 

(x + y) 3 = xxx + xxy -I- xyx + yxx + xyy + yxy + yyx + yyy. 

3. Simplify the sum by pulling together the monomials which occur more 
than once. Thus 

(x + y) 3 = x 3 + 3x 2 y -I- 3xy 2 + y 3 . 
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Proof of theorem 3: To evaluate the product 

( x + y )" = (j + y){x + y) • • • (-r + v) [n factors] 

we have to add the 2" monomials obtained thus: a monomial is formed by 
choosing one term from each factor and multiplying them together. Now l 
we choose y from r of the factors and x from the remaining n - r factors, 
then we get the monomial x n ~ r y r . Here r takes values from 0 to n to account 
for all possible monomials. But r of the n factors (from which we take y) 
can be chosen in n C r ways. Hence the monomial x n r y r occurs C r times. 
Therefore the simplified expansion of the above product is given by 

(x + y )" =" C 0 x" +" C\x r ~ l y + • • • + n C r x n ~ r y r + ■••+" C n y n . 


Some properties of n C r are collected in the following theorem. These can be 
easily proved algebraically. Here we give combinatorial proofs of properties 
(0 and (g). 

Theorem 4. For any positive integers n,r (r < n), we have 


(a) 

(b) 

(c) 

(d) 

(e) 

(0 

(g) 


n Cr = n C n _ r , if 0 < r < n. 

n C r + n C r -i = n+1 C r , if 1 < r < n. 

»c r = - x"- 1 Cr-u if 1 < r < n. 
r 

n C 0 + n Ci + n C 2 + • • • + n C n = T. 

"Co + ”^2 + n C 4 + .. .= n Ci + n C 3 + n C 5 + ... =2 n ~ 


^2 n Cr m C k -r = m+n C k . 

r=0 

fn\/k\ _ /'n\/'n-m\ 
\kj\mj \mj\k — mj 


l 


Proof: (0 This is known as Vandermonde’s identity. This is obtained by count¬ 
ing the A;-subsets of an (m + n)-set in two ways. Let S be an (m + n)-set of 
which m elements are red and n blue. Fix k such that 0 < k < m + n. Then 
the total number of A:-subsets of S is m+n C k - Now we can make a A:-subset 
of S using any r red elements and k — r blue elements where 0 < r < k. 
So the total number of ways of making a A:-subset with r red elements is 
m C r n C k ~ r - Hence the total number of A:-subsets is, by addition principle, 
Hr=o m ^ r n ^fc-r • Hence (0 follows. 
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(g) Let 5 be an n-set. Consider the set T of all ordered pairs (A, B) where A 
is a fc-subset of S and B is an m-subset of A. We prove (g) by counting the 
elements in T in two ways. First, set A C 5 can be chosen in (£) ways and 
set B C A can be chosen in (£) ways and so |T| = (£)(,£)• Secondly, an 
m-subset B of S can be chosen in (£) ways. For each choice of set B , choose 
a ( k - m)-subset C of S - B and let A = B U C. Then A is a A:-subset of 
5 and B C A. Thus the number of ways of choosing set A=the number of 
ways of choosing set C=(J”™). Hence |T| = (£) and so (g) follows. 
In particular, if we take k = r and m = 1, then we get the property (c). 


Example 1 Evaluate 



Solution: We note that 



Adding the equations for x = 1, u>, a; 2 , we get, 


2 " + (1 + »)" + (l + „)» = 31 ^ + M + (n\ 

W W W + ' 
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using 1 4- w + u ' 2 = 0. But 

1 + \v = -i u 2 = = cos60° + t sin 60°, and 

1 4- w 2 = -w = -— — cos60° — /sin60°. 

Hence 2 n + (1 + w) n + (1 + w 2 ) n 

= 2 n 4 - (cos 60° + i sin 60° ) n + (cos 60° — i sin 60°) n 
= 2 n + 2cos(n60°) 

1 if n = Gk 
5 if n = 6 A: ± 1 
— \ ifn = 6 /c ±2 

—1 ifn = 6 fc + 3. 



This gives 



r 2 n + 2 

< 2n + 1 
2 n - 1 
> 3 


if n = 6 k } 
if n = 6k ± 1 
if n = 6 A: ± 2. 


Example 2 Given an 8 x 8 chessboard, (i) how many squares of all sizes are 
there on it ? (ii) how many rectangles of all sizes are there on it ? 


Solution, (i) We count the squares according to their size. For example, on an 
8 x 8 chessboard, there are 9 vertical lines and so there are 7 sets of 3 successive 
vertical lines, namely 123, 234,..., 789. Each such set gives a 2 x 9 strip. Each 
such strip contains 7 2x2 squares; the figure shows one such square. Hence 
there are 7 2 squares of size 2x2. Similarly,there are 8 2 squares of size lxl, 
6 2 squares of size 3x3 etc. Hence the total number of squares is 

8 2 + 7 2 H- 1 - 1 2 = 204. 



Scanned by CamScanner 



152 An Excursion in Mathematics Chapter 4. Combinatorics 


Now let us consider an n x n chessboard. For r = 1,2,..., n + 1, there are 
n - (r - 1) sets of r +1 successive vertical lines, namely. For any such r+ 1-set, 
there are n - (r - 1) sets of r + 1 successive horizontal lines, giving n — (r — 1) 
squares of size r x r. Hence, by MP, there are in all [n - (r - l)] 2 squares of 
size r x r. Thus the total number of squares is 

n 

- (r - l)] 2 = I n (n + l)(2n + 1). 

r=l b 

(ii) Similarly, for r = 1,2,..., n + 1, there are n - (r - 1) sets of r + 1 
successive vertical lines. For any such r + 1-set, there are n - (s - 1) sets of 
*+} succcss,ve horizontal lines, giving n-(r-l)xn-(s-l) rectangles 
of size r x s. Hence, by MP, there are in all [n - (r - l)][n - (s - 1)1 squares 
of size r x s. Thus the total number of rectangles is 


n n 


—_i « 


s=l r=l 


-n 2 (n + l) 2 . 


Exampie 3 How many 7-digit numbers are there such that the digits are dis- 

and6do eSe ? the set 5 = {1,2,...,9} and such that the integers5 

and 6 do not appear consecutively in either order ? 

“"• We firsl find ,he numbCT "1 of 7-permutations of the 9-element set 
S which do contain 56 or 65. Consider 7 places as follows: 


a 


f 9 


can^ace C ™‘ CMiv f P' a “ s - ab, be, fg i„ which we 

can place 56 or 65. Thus each of 56 and 65 can be placed in 6 wavs In 

2 x Ato A Way L° f fi f 7 ng lhe remaining 5 P ,aces - Hence n, = 

P 5 . Also, the number of 7-permutations of 5 is n 2 = P 7 9 So the 

number of required permutations is n 2 - = 151200. 7 e 

c E “ 7^ 4 '" a gr0U P° f 15 boy 5 - lh ^ are 7 scout-boys. In how many ways 

S ° “ ‘° inC ' Ude 10 eXaC “ y 6 scoul 'boys (ii) a. least 6 

Solution, (i) (a) 6 scout-boys out of 7 can be chosen in 7 Ce wavs and ihl f, 
other boys out of 8 others can be chosen in “C 6 ways. Now any 6-combinmion 
from (a) can be combined with any 6-combinalion from (b) to make a required 
We of group of 12 boys. So. by MP. the total number of ways 
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(ii) The 12-combination cun include either 6 or 7 scout-boys. As in (i), there 
are T C# x 8 C a 12-combinations with exactly 6 scout-boys. Also, if we include 
all the 7 scout-boys, then the remaining 5 boys can be chosen from the other 
8 boys in 8 CV, ways. So there are 8 Cr 12-combinations with exactly 7 scout- 
boys. Hence, by AP, the total number of ways is 7 Co x 8 Cq + 8 Co. 

Example 5 Suppose n is a positive integer and let S = {1,2,..., n}. Find 
the number of ordered pairs (A, £), where A and B are subsets of S , in the 
following eases. 

(i) A is a subset of B (ii) A is a proper subset of B. 

Solution, (i) To get a pair ( A , B ) with A C B, every element x of S must be 
treated in one of the following three ways: 

(a) x is put in both A and B 

(b) x is put in B but not in A 

(c) x is put in neither of A , B. 

Hence, as there are n elements in S, the number of pairs of subsets, (A, B), 
with AC B is, by MP, 3 n . 

(ii) The number of pairs (A, B), with A = B is the number of subsets of S 
and is therefore = 2 n . Hence the number of pairs (A, £), where A is a proper 
subset of B, is 3 n - 2 n . 

Second solution for (i): For a given r, 0 < r < n, a subset B with r elements 
can be chosen in n C r ways. For each such B, a subset A of B can be chosen 2 r 
ways. Hence, for r-element subsets B, there are n C r • 2 r pairs (A, B), AC B. 
Hence the total number of pairs is 

n 

"C r - 2 r = (2 + 1)" = 3”, 

r=0 


using the binomial theorem. 

Second solution for (ii): For a given r, 0 < r < n, a subset B with r elements 
can be chosen in n C r ways. For each such B, a subset AofB can be chosen 
2 r - 1 ways. Hence, for r-element subsets B, there are n C r • (2 r - 1) pairs 
{A, B), AC B. Hence the total number of pairs is 

n 

n ° r ' (2 r - !) = (2 4- l) n - 2 n = 3 n = 2 n . 

r=0 


Example 6 In how many ways can 2n players be grouped into n tennis pairs? 
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Solution. Here we want to partition a set S of 2 n elements into n 2-element 
subsets (i.e. these n 2 -clemcnt subsets are pairwise disjoint and their union is 
S). For example, let n = 5 and S = {aj,a 2 ,... , aio}- Then one possible 
partition or pairing is 

P'Pi = («i,a 3 ), p 2 = (a 2 ,a 5 ), Pa = (a 4 ,a 7 ), 

P4 = (aG.a 9 ), P5 = (a 8 ,a 10 ). 

To find the number of all possible parings, note that first, 2 players can be 
chosen out of 2n in 2 n C 2 ways. After that 2 players can be chosen from the 
remaining 2/i -2 players in 2 n- 2 C 2 ways, etc. Continuing in this mafiner, after 
n — 1 steps, 2 players remain and of these 2 can be chosen in 2 C 2 ways. Also, 
the order in which the n pairs are chosen is not important. So the total number 

N of ways of obtaining n pairs is the product of above n numbers divided by 
n! i.e. 

N = [ 2n C 2 - 2n_2 C 2 • • - 4 C 2 - 2 C 2 ]/n! 

- = (2n)(2n — 1 ) (2n - 2)(2n - 3) 4 • 3 2 • 1 1 

, 2 2 2 T'n\ 

= (2n — l)(2n — 3) • • • 3 • 1. 

Example 7 (a) Ten boys are to be grouped into 5 tennis pairs. In how many 

TiT™ th,S 56 d ° ne ? (b) 1116 Same 10 boys going to 5 seaside Places 
A,B,C,D,E, two to each place. In how many ways can this be done ? Explain 
the difference between your answers. 

Solution. The difference between <a) and (b) is this: In (a), only the pairings 
are important; not the order in which the pairs occur in a pairing. But in (b) 
for each pairing, such as P in the last example, the order in which the pairs of 

boys are sent to 5 places A.E makes a difference. Hence for (a) the answer 

is, by the last example, n=9x7x5x3xl= 945. But for (b), the number 
n must be multiplied by 5! since each pairing corresponds to 5! different wavs 
of visiting the 5 places. So the answer is n x 5! = 945 x 5 ! = 113400 


Circular permutations 

By a circular permutation of the set S = {1,2.n}, we mean an ordered 

arrangement of the n elements of 5 around a circle. 

Theorem 5. The number of distinct circular permutations of n different objects 
is (n - 1)!. J 

Corollary: Let n > 3 be a positive integer. The number of different circular 
necklaces that can be made from n different beads is 4[(n — 1)!]. 
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V ' V ' t , ' ' ' 

Example 8 There are 8 persons. JU J, * 

(i) In how many ways can they be seated at a roun ta e . adiacent 

(ii) With the further condition that 2 of them, a and 6, must no v ^ 

“J 4 of the persons are men and 4 ladies and if no two men are to be in 

(^f“ Jsons are 4 married couples and if no husband and wife, as well 
as no two men, are to be in adjacent seats ? 

Solution, (i) The number of ways is (8 - 1)! = ? ! we are 

(ii) Regard a, 6 as one person: ab or ba. ,n ; n (7 - 1)' = 6! ways, 

to seat 7 persons round the table and this can be done ( ) of 

Hence a, 6 are seated together in 2 x 6! arrangements. Hence the 

arrangements in which they are not tog e er 1S _ ^ 4 , aces betwe en the 

(iii) The 4 ladies can be seated in 3. way . the P men can be seated 

successive ladies and for each arrangemen o ^ ways is 3! x 4!. 

in these4 places in 4! ways. So the total between the 

(iv) The 4 wives can be seated m 3! ways^ There are 4 ^ 

successive wives and for each arcangemen. of,£e wwes 

in these 4 places in exactly 2 ways counterclockwise. 

Wl ,m 4 ,rc 2 ,mt,»3,m 2 ,»4,m 3 , 

• s. 1 ' 3 t • /- - ; ’ •' / 

So the answer is 12. ‘ 

Exercise 4.2 

rTHow many ways can 12 identical white P aW " S 

" placed on the black squares of an 8 x 8 chessbo 

^How many ways are there to place 2 identical rooks in a common row or 
* column of an 8 x 8 chessboard . 

3. How many ways are there 

board so that the kings are not in adjacent squares . un 

board ? 

4 How many necklaces can be made using 7 beads of which 5 are idem.cal 
red beads and 2 are identical blue beads . 

, who sit around a table. There is 

5. There are 12 members in a chairman Besides the chairman 

r^'^Topl-t'comdtute a subcommittee. Find ^number of 


\ > 


HU 
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seating arrangements if (i) the subcommittee sit together as a block, and 
(ii) no 2 ofthe subcommittee sit next to each other. 


j/p rove that the number of ways of arranging p 1 ’s and q 0’s in a line such 

~ {q + 1\ 

that no two 1 ’s are adjacent is I I • 

7. Prove that the number of r-subsets of the set S = {1,2,..., n} that do 

. (n- r + 1\ 

not contain a pair of consecutive integers is I ^ y 


Hints and Answers to Exercise Set 4.2 

1. There are 32 black squares and of these 12 can be chosen to put the 12 
white pawns in (^) ways. Then out of the remaining 20 black squares 
12 can be chosen to put the 12 black pawns in (J!j) ways. So the answer 

is (S)x©. 

2. Since the 2 rooks are identical, the order in which they are placed in a 
row (or column) is not important. First a row can be chosen in 8 ways. 
In any row, 2 of the 8 squares can be chosen in 8 C 2 ways. Hence the 2 
rooks can be placed in a row in 8 x 8 C 2 ways. Similarly, 2 rooks can be 
placed in a column in 8 x 8 C 2 ways. So the total number is 2 x 8 x 8 C 2 . 
For an n x m board the answer is n x m C 2 + m x n C 2 . 

3. A row can be chosen in 8 ways. In a row, there are in all 8 C 2 pairs of 
squares of which 7 are pairs of adjacent squares. So there are [ 8 C 2 - 7] 
pairs of places in any of which the two identical kings can be placed. 
Hence the kings can be placed in a row in 8 x [ 8 C 2 - 7] ways and in 
the same number of ways in a column. So the total number of ways is 
2 x 8 x [ 8 C 2 -7].Fprannxm board, the number is 

n[ m C 2 - (m - 1)] + m[ n C 2 - (n - 1)]. 

4. The different necklaces are determined by the number of red beads be¬ 
tween the two blue beads r *aking both arcs into consideration. So there 
arc exactly 3 distinct necklaces: 

bbr r r r r, br br r r r, br r br r r. 


5. Ans: (i) 9! x 3! (ii) 8! x 9 F 3 . 
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6 There are q + l places between the q 0’s (namely, q - 1 places between 
the q successive 0\s and 2 places at the ends). The required arrangements 
are obtained by putting the p l’s in p of these q + 1 places; and this can 
be done in (^p 1 ) ways. 

7. An r-subset T of 5 corresponds, in a one-to-one way, to an arrangement 
ai,« 2 ,...,a n of r l’s and n - r 0’s in a row as follows: a< - 1 if* G ^ 
and a, = 0 if * £ T. Hence the r-subsets of 5 = {1,2,.... n) that 
do not contain a pair of consecutive integers exactly correspond to the 
arrangements of r l’s and n — r 0 s in a line such that no two 1 s are 
adjacent. Hence, by the last problem, the number of required r-subsets 

is rr 1 ). 


4.2.1 Permutations with repetitions: 

Theorem 6. Suppose there are n objects, of which are identical of first 
type, n 2 are identical of second type,..., n fc are identical of k l type so that 
n _ ni + n2 + ... + n k . Then the number of permutations of these n objects, 

taken all at a time, is denoted by P(n\ ni, n 2 ,. • •»Ofc) and is given by 


P(n;ni,n 2 , • • .«fc) 


n! 

m!n 2 ! •. • rifc! 


Combinations with repetitions: 

Suppose 5 = {ai, a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) is a set containing 7 different objects. 
Then a 5-combination of S, with repetitions allowed, is t = a 2 a 2 a 2 a 5 a 7 . To 
count the number of such 5-combinations of 5, note first that each combination 
uniquely corresponds to a table with 7 - 1 = 6 columns in which 5 dots have 
been placed in the columns. Thus the combination t corresponds to the table 


ai 

02 

03 

04 

05 

a 6 

a 7 


[W] 

- 


• 


- • 


Also, each such table uniquely corresponds to a permutation of 6 vertical lines 
and 5 dots. Thus the combination t corresponds to the permutation 

Conversely, every such permutation (say, 11* I*) uniquely corresponds 

to a table of the type described above (namely. 


Ol 

02 

03 

a 4 

05 

06 

a 7 

• j 


•• 



• 

• 
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in this case) which in turn uniquely corresponds to a 5-combination with repe¬ 
titions (namely, 0103030007 , in this case). 

Now there arc = (V) = ( 7 ~J +5 ) permutations of 6 vertical lines 
and 5 dots. 

Hence the number of 5-combinations of 5, with repetitions allowed, is the 
same as the number of such permutations, and so it is ( 7 ~g +5 ) • 

More generally, the same method of proof can be used to obtain the follow¬ 
ing 

Theorem 7. Let S be a set having n different objects. Then the number of 
r —combinations of 5, with repetitions allowed, is 1 + 

Corollary 1 . Let n, r be given positive integers. Then the number A n>r of 
non-negative integer solutions (x;, X 2 ,..., x n ) of the equation 




Xi+x 2 -\ -h x n = r, 


0 ) 


Proof. Let S — {oi,..., a n } be a set with n distinct elements. Given any 
r-combination t of 5, with repetitions allowed, (say, t = a 2 a 2 a 2 a b a 7 , n = 
7, r = 5) let X{ be the number of times a* occurs in t. Then t corresponds to 
the solution (xi, X 2 , • • •, x n ) of equation ( 1 ) in non-negative integers. 

(Thus the above 5-combination t = a 2 a 2 a 2 a,c ) a 7 corresponds to the solution 
( 0 ,3, 0 , 0 , 1 , 0 , 1 ) of the equation Xi + x 2 -I-h x 7 = 5 ). 


Conversely, every non-negative integer solution of ( 1 ) corresponds to a 
unique r-combination of S, with repetitions allowed. Hence, by the above 

theorem, A n , r = ( n 1 + r V 


Corollary 2. Let r > n > 0 be integers. The number r of solutions 

(xi, X 2 ,.. •, x n ) of equation ( 1 ) in positive integers is ( T j 

\n-lj 

Proof. Given any solution (y u ..., y n ) of (1) in positive integers, let x{ = 
y t — 1. Then substituting in (1), we get 


X\ + ... + x n = y\ + ... 4- y n — n = r — n, (2) 

so that (*i,X 2 ,...,x„) is a non-negative integer solution of (2). Con¬ 
versely, every non-negative integer solution of ( 2 ) corresponds to a unique 
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positive integer solution (|/i. ♦ - *»i/r») of (1) with y, — + 1. Hence, 





Corollary 3. Let r, n > 0 be integers. Let oi, ... , a n be given integers. Then 
the number of integer solutions of equation (1) such that Xj > a», 1 — * — 

-- 1 ) . 

Proof. Given any solution (yi,...,y n ) of (1) in integers, such that y* > 
a,, 1 < i < n, so that yi -f ... + y n = r. Let Ti = Vi - a i- Then substi¬ 
tuting for y’s we get 

xi + .. .i„ = r - (aj H-a n )> 

so that (ii,X 2 ,... ,x„) is a positive integer solution of the last equatio 
conversely. So, the number of required solutions is ( r_ai 7i-i ° n )• 

Example 9 If n identical dice are rolled, how many different outcomes can be 
recorded ? 


Solution. Since the dice are identical, the order in which the n scores appear 
is not important. So we want the number of n-combinations, with repetition, 
of the set {1,2,3.4,5,6} and it is ( 6- „ +n ) • 

Example 10 A shop sells 6 different flavours of ice-cream. In how many ways 
can a customer choose 4 ice-cream cones if 

(i) they are all of different flavours; 

(ii) they are not necessarily of different flavours; 

(iii) they contain only 3 different flavours; 

(iv) they contain only 2 or 3 different flavours? 

Solution. Let the flavours be denoted by a, 6, c, d, e and /. 

(i) Here we want the number of ways of choosing 4 ice-cream cones of differ¬ 
ent flavours from cones of 6 different flavours. That is, we want the number 
of 4-combinations of 6 distinct objects without repetition. So the number is 

0 = 15 . 

(ii) By theorem 1, the number of 4-combinations of 6 objects a, 6,c,d, e, /, 
with repetitions allowed, is ( 6 ] +4 ) = (^) = 126. 

(iii) Hie number of ways of choosing 4 cones of exactly 3 different flavours, 
with repetitions = (the number of ways of choosing 3 flavours out of 6)x(the 
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number of ways of choosing 4 cones of 3 chosen flavours) = ( 3 ) x 3 = 60, be¬ 
cause there arc ( 3 ) ways of choosing 3 flavours out of 6 and for each choice, say 
a, 6 , r. there are 3 ways of choosing 4 cones of the 3 chosen flavours, namely 
a, b, c, c or a, b, b, c or a, a, b, c. 

(iv) As in (iii), the number of ways of choosing 4 cones of exactly 2 differ¬ 
ent flavours, with repetitions = (®) x 3 = 45 , because for each choice of 
2 flavours, say a, 6 , there are 3 ways of choosing 4 cones of the 2 chosen 
flavours, namely a, a, a, b or a, a, 6 , b or a, 6 , b, b. Hence the ways of choosing 
cones of 2 or 3 flavours are in all 60 + 45 = 105. Alternatively, the num¬ 
ber of ways of choosing 4 cones of only 2 or 3 different flavours, with rep¬ 
etitions allowed = the number of ways of choosing 4 cones, with repetitions 
allowed, when 6 flavours are available —[(the number of ways of choosing 4 
cones of only 1 flavour) + (number of ways of choosing 4 cones of 4 different 
flavours]= 126 — (6 + 15) = 105, because there are 6 ways of choosing 4 
cones of only 1 flavour, namely aaaa , bbbb, etc. 

Example 11 Given integers 1,2,..., 11, two groups (not necessarily disjoint) 
are selected; the first group contains 5 integers and the second group contains 

2 integers. In how many ways, allowing repetitions, can the selection be made 
if 

(i) there are no further conditions ? 

(ii) each group contains either all odd integers or all even integers ? 

Solution, (i) The first group G x of 5 integers from the 11 integers can be 
chosen in ( 5 + ) = ( 5 ) ways. Similarly, the group G 2 of 2 integers from 

the 11 integers can be chosen in ( n ~ 1+2 ) = («) ways. Therefore the two 
groups G\ and G 2 can be chosen in (* 5 5 ) x ( 2 2 ) ways. 

(ii) We have 4 mutually exclusive cases: (a) G x all odd, G 2 all even 
(b) G x all odd, G 2 all odd (c) G 1 all even, G 2 all odd (d) G x all even. Go all 
even. Hence the total number of ways is 

(¥)© + (7)© + fflQ + fflffl. 

Example 12 Find the number of non-negative integer solutions of the equation 
X\ + x 2 + x 3 = 15 subject to the given conditions. 

(i) xi > 0 . x 2 > 0 , x 3 > 0 

(ii) xi > 0 , x 2 > 0 , x 3 > 0 

(iii) xi > 3, x 2 >i,x 3 > 7. 

Solution, (i) By theorem 1 , the required number is ( 3 “J+ 15 ) = jgg (jj) gy 
corollary 1 above the required number is = 91. flu) If (yi,^,y 3 ) is 
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a solution of the required type, let x\ = y\ - 3, x 2 - y? - 2, x? = jfc - 7. 
Then (xi, x 2 , x 3 ) is a non-negative integer solution of x\ + x 2 + *a — 15 — 
(3 -f 2 + 7) = 3. So the required solutions are in all ( 3 ~3 +3 ) = 10. 

Example 13 Find the number of integer solutions of x\ + x 2 + x 3 + x 4 = 48 
with the conditions xi > 5, x 2 > 6, x 3 > 7, x 4 > 8. 

Solution. If j/i,..., j/4 is a solution of the required type, put X\ =y\- 5, x 2 = 
xj 2 — 6, x 3 = y 3 - 7 and x 4 = y 4 - 8. Then y\ + • • • + y 4 = 48 becomes 

x 1 h -h x 4 = 48 — 26 = 22 and we want positive integer solutions. So the 

number of solutions is ( 2 4 2 J 1 1 )- 

Example 14 Find the number of isosceles triangles with integer sides if no 
side exceeds 1994. 

Solution. Let the sides of the'isosceles triangle be a, a, 6. There will such a 
unique triangle if and only if 2a > 6. Hence, for any a, b can vary from 1 to 
2a — 1. We have additional restrictions: a < 1994 and b < 1994. 

(i) If a < = 997, b varies from 1 to 2a — 1, i.e. b can take 2a — 1 values. 

Hence the number of isosceles triangles obtained is the sum of the first 997 odd 
natural numbers which equals (997) 2 . 

(ii) If 998 < a < 1994, b can take any value between 1 and 1994, i.e. there 
are 1994 choices for b. In this case a has 997 possibilities. So the number of 
isosceles triangle s in this case is 

997 x 1994 = 2 x (997) 2 . The total numbers of isosceles triangles is thus 
3 x (997) 2 = 3 x 994009 = 2982027. 

(Note: (997) 2 = (10 3 -3) 2 = 10 6 -6xl0 3 +9 = 1000009 - 6000 = 994009.) 

Example 15 How many ways are there to split a group of 2n a s, 2 n (3 s, and 
2n 7 s in half (into two groups of 3n letters)? 

Solution. Count the ways to select 3n letters from the 3 types of letters and 
then subtract outcomes with 2n + l or more of one letter — C(3n + 3 — l,3n) — 
3 x C{{n — 1) + 3 - 1, n - 1). Since each split forms two groups of 3n letters, 
it appears we should divide this count of 3n-letter groups^>5^ 2." However, 
the split in which each group consists on n letters of each/ype contains two 
copies of the same group (this split is not double counted). So the answer is 
£[C(3n + 3 — 11,3n) — 3 x C((n - 1) + 3 - l,n -/) - 1] + 1. 

Exercise Set- 4.3 

1. Find the number of arrangements of any 3 letters from the 11 letters of 
the word combination. 
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2. Find the number of integer solutions of the given equation with given 
conditions. 

(i) x + y + z = 7; x > 0, y > 0,2 > 0 

(ii) x + j/ + 2 = 9; £>0,y>0,2>0 

(iii) x + y + * = 24;x>l,y>l,2>l 

(iv) x + y 4- z = 24; x > 1, y > 2, z > 3 

(v) x + y + z + t + xv - 36; x, y, z, t, w > 0 

3. Show that the equations x\ H-I-X7 = 13 and x\ H-I-X14 = 6 have 

the same number of non-negative integer solutions. 

4. Show that the equations x\ + 12 + £3 = 12 and xi + • • • + £10 = 12 
have the same number of positive integer solutions. 

5. How many integers between 100 and 1,000,000 have sum of digits (a) 
equal to 5 (b) less than 5 ? 

6. How many different collections of 3 coins can be formed if the coins can 
be pennies, nickels, dimes, quarters or half-dollars ? How many different 
collections of 5 coins can be formed with the same types of coins ? 

7. Find the number of integer solutions of the given equation with given 
conditions. 

(i) x -I- y + z + w = 40; x, y, z, w > 5 

(ii) X\ H-f- X6 = 72; 

(a) Xi > 0, Xi > 10 (b) Xi > 0, xi > 10, x 5 > 5 

(iii) x + y + z = 1; x > -5, y > -5, z > -5. 

8. How many ways are there to invite 1 of 3 friends over for dinner on 6 
successive nights such that no friend is invited more than 3 times ? 

Solutions to Exercise Set- 4.3 

1. 3 x 21 + 8 P 3 . 

2. (i) g:J) = 15. (ii) ( 3 -‘ +9 ) = 55. (iii) Put X = X — 1 etc. Then the 
equation becomes X + Y + Z + 3 = 24 or X + Y 4 - Z = 21. Hence the 
number of solutions is = 190. (iv) ( 3 T J 1 _ + 1 15 ). (v) ( 5 "^!_ +36 ). 

5. (a) Let x it l < i < 6, be the digits of a number with at most 6 dig¬ 
its. Then the number of non-negative integer solutions of xj + • • ■ + x 6 = 

5 is ( b ~J +J ) = 252. But the number is to be > 100. So the 6 numbers 
5,14,41,23,32,50 are to be omitted. Thus the required number is 252 - 6 = 
246. (b) For 1 < k < 4, the number of non-negative integer solutions of 
xj + • • • + Xfl = 5 — k is ( 6 = ( 10 5 Again we have to omit the 


i 
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15 numbers 1,10.2.20.11.3.30,12,21,4,40,13,31,22,100, and so the answer is 

(Et=o (V)] " 15 = 194 ‘ 

6. Let t. y, 2 , t , w respectively denote the numbers of coins of given types to 

form a collection of 3 coins. Then the required number is the number of non- 
negative integer solutions of x + y + z + t + w = 3 which is ( 3 ) — 35. 

Second part: ( 5_ 5 +5 ) = 126. 

7. (i) Put x = a + 5, etc. so that the equation becomes a + b + c + d = 20 and 

its positive integer solutions are in all = 969. (ii) (a) Put xj = Xj + 10 

so that the equation becomes x\ + x 2 H- 1 - x& = 62 and its positive integer 

solutions are in all (g 2 ^ 1 ). (b) (g 7 ^ 1 ). (iii) 105. 

8 . Let x, y, z be the friends and let (a, b , c) denote the case where x is invited 
a times, y b times and 2 c times. For example, one possible arrangement cor¬ 
responding to the triplet (3,2,1) is 

x,x,y,x,y ,2 

Then we have the following possibilities: (i) (a, 6 , c) = (1,2,3); (1,3,2); 
(2,3,1); (2,1,3); (3,1,2); ( 3 , 2 , 1 ). (ii) (a, 6 ,c) = (3,3,0); (3,0,3); 

(0.3,3). (iii) (a, b, c ) = (2,2,2). So the total number of ways is 
6 x 6!/l!2!3! + 3 x 6!/3!3! + 6!/2!2!2!. 

4.3 The Pigeonhole Principle 

The pigeonhole principle (PP), also called Dirichlet’s box principle, states 
that if more than n objects are distributed into n boxes, then at least one box 
must receive more than one object. We will abbreviate this as (PP1). < 

Second form of the pigeonhole principle (PP2): For any positive integers 
n, t, if tn 4 - 1 or more objects are placed in n boxes, then at least one box will 
contain more than t objects. 

Third form of the pigeonhole principle (PP3): If the average of n positive 
numbers is t , then at least one of the numbers is greater than or equal to t. 
Further, at least one of the numbers is less than or equal to t. 

Proof: Let ai, a 2 , • • •, a„ be the numbers. Then by data, 

Q - = t so that ai H-h «„ = tn. (3) 

n 

Hence if each of the n numbers aj,.. ., a„ is less than t , then the sum of these 
numbers would be less that nt , contradicting (4). 

A similar argument shows that at least one of the numbers is less than or 

equal to t. 
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Remark: If the numbers oj, a 2 .a n are integers . then PP3 says that at least 

one of them is > t 0 . where t 0 is the smallest integer not less than t; and at least 
one is < [f] where \t] is the integral part oft. 

Strong form of the pigeonhole principle: Let q \, q 2 , • • •»ft» he positive inte¬ 
gers. It (</i + -f ... + (/ n — n + 1) objects are put into n boxes, then either 
the first box contains at least q\ objects or the second box contains at least q? 

objects.or the nth box contains at least q n objects. 

We will abbreviate this form as (PP4). 

Proof. Suppose we distribute (91 + <72 + ... + q n — n + 1) objects in n boxes 
and if for each i = 1,2—, n, the ith box contains less than <7, objects, then 
the total number of objects in the n boxes is 

- (qi - 1) + (92 - -1) + ... + (q n - 1) = q x + 92 + ... + q n — n. 

But this number is less than the number of objects placed in the n boxes. 
Hence, for at least one *, ith box must contain at least ft objects. 

Solutions to the following problems use this principle as the key-step in the 
argument. 

Examples 

1.. Given m integers ai, <Z2 ,..., a m , show that there exist integers k , s with 
0 < k < s < m such that a k+1 + a k+2 + ... + « s is divisible by m. 

2. Among the integers 1,2, ..., 200, if 101 integers are chosen then show 
that there are two among the chosen, such that one is divisible by the 
other. 

3. Prove that if 100 integers are chosen from the set 1,2, • • • , 200 such that 
atleast one of them is smaller than 15, then there exist two of the chosen 
integers such that one divides the other. 

4. Suppose numbers 1 to 20 are placed in any order around a circle. Show 
that 

(i) the sum of some 3 consecutive numbers must be at least 32 

(ii) the sum of some 4 consecutive numbers must be at least 42. 

5. A storekeeper’s list consists of 115 items, each marked “available" or 
“unavailable". There are 60 available items. Show that there are at least 
2 available items in the list exactly 4 items apart. 

(For example, available items at positions 5 and 9 or at positions 36 and 
40 satisfy the condition.) 
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6 . A chess master who has 11 weeks lo prepare for a tournament decides 
to play at least one game every day, but not more than 12 games during 
a week. Show that there exists a succession of days during which the 
chess master will have played exactly 21 games. 

7. Prove that if in a group of 6 persons, each pair is either of mutual friends 
or mutual enemies, then there are either three mutual friends or three 
mutirtrt enemies. Also show that the result is not true in case of a group 
of 5 persons. 

8 . Let (ai, 02 ,..., 01995 ) be a sequence of positive integers whose sum is 
3989. Show that there is a block of r successive Oi’s (r > 1) whose sum 
is 95. 

9. Let (x», j/i), 1 < i < 5, be a set of five distinct points with integer co¬ 
ordinates in the x-y plane. Show that the mid-point of the line joining at 
least one pair of these points has integer co-ordinates. 

10. Let ai, 02 ,..., aioo and &i, 62 , • • •, &ioo be any two permutations of the 
integers from 1 to 100. Prove that among the hundred products 

0161,02625 -0 - )fll 00 & 100 ) 

there are two products whose difference is divisible by 100 . 

11. Prove that no 7 integers, not exceeding 24, can have sums of all subsets 
different. 

Solutions 

1. Consider the sequence ai, ai + 02 ,..., ai + 02 -I-... + a m . If anyone of 
these m sums is divisible by m then we are through. Otherwise, suppose 
that none of them is divisible by m. So each leaves a non-zero remainder 
1,2,..., (m — 1). Since there are m sums and (m — 1) possible values 
of the remainders, by the pigeonhole principle two of the sums leave the 
same remainder after division by m. So let 

d\ 4- 02 -f ... + a.k — bm + r 
and Oi + a 2 + ... + a„ = cm + r. # 

This gives. (if k < s) } a.k +1 + ak +2 + ... + a a = m(c — 6 ). Thus m 
divides a,k +1 + Q-k +2 + ... + a a . 
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2. Let the 101 integers chosen among 1,2. 200 be written as m t — 

for i = 1,2,, 101, where a, is an odd number which is the 
greatest odd divisor of m, and it is one of the 100 odd numbers 1,3,5, 
.... 199. Thus by pigeonhole principle, among the chosen 101 numbers 
m,, at least two have equal odd parts after removing the power of 2. Thus 
let rn t = • a t and m 9 = 2with a t = a a . Then if k(t) < k(s) 

then w t divides m, and if k(t) > k(s ) then m s divides m t 

3. Let us suppose that we have chosen 100 positive integers, not exceeding 
200, none of which is divisible by any other. Let us prove that none of 
the numbers from I to 15 is contained among these 100 numbers. 

Let us consider all the greatest odd divisors of the chosen numbers (as in 
the last example). It is obvious that these divisors form the set of all odd 
numbers not exceeding 200. In particular, these odd divisors include the 
numbers 1,3,9,27,81. Since among the numbers corresponding to these 
odd divisors there are no two numbers one of which is divisible by the 
other, the number containing the odd factor 27 must be divisible by a 
power of 2 whose exponent is alleast l,the number containing the odd 
factor 9 must be divisible by a power of 2 whose exponent is atleast 2, 
the number containing the odd factor 3 must be divisible by a power of 2 
whose exponent is atleast 3, the number containing the odd factor 1 must 
be divisible by a power of 2 whose exponent is atleast 4. This means that 
the numbers 1, 2 = 1 • 2, 3, 4 = 1 • 2 2 , 6 = 2-3, 8 = 1 • 2 3 , 9 and 
12 = 3 • 2 2 are not contained among the 100 chosen numbers. 

In just the same way we can consider those of the given numbers whose 
greatest odd divisors are 5, 15 and 45 and prove that the given numbers 
do not contain 5, 10 = 5 -2 and 15. Similarly, if we consider the numbers 
7, 21 and 63 we can show that the numbers 7 and 14 are not among the 
100 chosen integers; while if we consider the numbers 11 and 33, we can 
show that 11 is not among the 100 chosen integers and if we consider the 
numbers 13 and 39, we can show that 13 is not among the 100 chosen 
integers. 


4. (i) Let aj,... ,a 2 o he the numbers placed around the circle. Since the 
mean of the 20 sums of 3 consecutive numbers, namely oj + 02 + 03 , 02 + 

a 3 + O 4 , • • • »<*19 + a 20 + Oil ft - 20 + 0^+02 is 


— [3(ai + 02 + • • • + a 20 )] = 


3(20)(21) 

2 ( 20 ) 


= 31-5, 


we see by PP3, that at least one of the sums must be > 32. A similar 
proof holds for (ii). 
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5. L.et the positions of the available items be «i, a 2 ,..., aoo- Since < 
115, we see that the 120 numbers 


a i < 0,2 < * • • < Qgo 


and ai + 4 < a 2 + 4 < ... < a G o + 4 

lie between 1 and 119. Hence by PP, two of these numbers must be 
equal. But the numbers in the first row are all distinct and similarly the 
numbers in the second row are all distinct. Hence some number in the 
first row must be equal to a number in the second row i.e. for some i,j 
we must have a, = aj + 4 , so that a* — a, = 4 , as required. 

Second method: By data, there are 115 — 60 = 55 unavailable items. 
Label the items in the list thus: ti,..., t' 115 . Then we have the following 
set of 111 pairs of items in each of which the two items are 4 items apart: 

^ {i-2i {i 3 ,^ 7 ), (^4 > ^8)» (^5j ^ 9 ) , • • • ? (^ 111 ) ^ 115 )} • 

Now call a pair (i r , i s ) from the above set a good pair if the items i r and 
i a are both available, and a bad pair otherwise. Then, clearly, the pair 
(i r , i a ) is bad if at least one of the items i r and i s is unavailable. Note 
that if, for example, item i 5 is unavailable, then both the pairs ( 11 , 1 * 5 ) 
and ( 15 , 19 ) are bad. 

We want to show that there is at least one good pair. Suppose, if possible, 
that all the 111 pairs in S are bad. This implies, since 111 = (2 x 55) +1, 
that there are at least 55 + 1 = 56 unavailable items. This contradicts 
the fact that there are only 55 items which are unavailable. So there is at 
least one good pair. 

6 . Fori < r < 77, let a r denote the total number of games played on the 
first r days. 

Hence 1 < ai < a 2 ... < < 177 . Now the chess master plays at least one 
game per day so that aj+i > a* + 1. Also, since at most 12 games are 
played during a week, 077 < 132(= 12 x 11). Thus £177 + 21 < 154. 

Consider the sequence of 154 positive numbers, ai, a 2 ,..., a 77 , ai +21, 
a 2 + 21,..., 077 + 21 such that ai and aj + 21 < 153 for all i. So by 
the pigeonhole principle, at least two of the elements in the sequence are 
equal. But a 1 < a 2 < ... < 077 and ai+21 < a 2 +21 < ... < 077 + 21 . 
Hence a, = aj + 21 for some j < i. Hence aj — aj = (j + 1) th day 
games +... + (i) th day games = 21 . 
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Thus games played on (j + l)th. (j + 2 ) th, ..., (0 th day total upto 
exactly 21 . 

Note: By the same method, the following general result can be proved. 

Suppose a chess master decides to play on d consecutive days, playing 
at least one game a day and a total of no more than 6 games where d < 
b < 2d. Then for each i < 2d - b - 1 there is a succession of days on 
which, in total, the chess master plays exactly i games. 

7. First part: Consider a fixed person A. Of the other five, by PP, there 
are either three who are friends of A or three who are not. In the first 
case, the three friends of .4 are either mutual enemies or two of them are 
friends and form a triplet of friends with A. The other case is similar. 
Second part: Consider a group of 5 persons and suppose that exactly the 
following are pairs of friends: AB , BC, CD , DE , EA. Then it is easy 
to see that no three are mutual friends or mutual enemies. 

Remark. In fact, one can show that in a group of six people there are 
two triplets of mutual friends or two triplets of mutual enemies or one 
triplet of mutual friends and one triplet of mutual enemies. 

8 . Fori < r < 1995, Jet b r = ]T)i=i a \■ Hence 1 < &i < 62 ... < 61995 = 
3989. Distribute 6 ,’s into 95 boxes 0, 1,2,..., 94 such that 6 * is in box 
j if j is the remainder when 6 , is divided by 95. 

Case (i) None of the 6 j’s is divisible by 95. Then the 1995 6 j’s are put in 
only 94 boxes 1 ,2,..., 94. Hence, by pigeonhole principle, there is one 
box which contains atleast 22 integers. Suppose 6 , x < 6 ia < ... < 6, 22 
are in the same box. If | 6 j, — 6 *, | = 95, for some s, t, then we are done. 
Otherwise, 


6 i2 > 6jj + 2(95), 

b t3 > bi 3 4- 2(95) > 6 j t + 4(95), 

• • • • • • 

b i72 > 6 I2 i + 2(95) > 6 jj + 42(95) > 3990 

But 6, 22 < 3989, a contradiction. Hence, there is a block of r successive 
a,’s (r > 1 ) whose sum is 95. 

Case (ii) Atleast one of the 6 /s is divisible by 95. If there is one box 
which contains atleast 22 integers, then as in Case (i), we get a block of 
r successive a,’s (r > 1 ) whose sum is 95. Otherwise, each box contains 


* 
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exactly 21 integers. Suppose 6„ < b t7 < ... < b hl are in the box 0. If 
b t , = 95 or - b„ | = 95 then we are done. Otherwise, 

bi , > 2(95), 

b h > V + 2(95) >4(95), 


^«21 — ^120 + 2(95) > 42(95) > 3990 

But ^* 2 i < 3989, a contradiction. 

9. Since an integer must be either even or odd, every point (a, b) with inte¬ 
ger co-ordinates must be put in one of the four pigeonholes: 


(even,even), (even,odd),(odd,even) and (odd,odd). 


Hence, two of the given five points (say, A(x\, y\) and B(x 2 , 2 / 2 )) must 
lie in the same pigeonhole, so that their x co-ordinates must have the 
same parity ( i.e. they are either both even or both odd ) and their y 
co-ordinates must have the same parity. Hence, X\ + X 2 and y\ -I- y 2 arc 
even. Thus (xi -I- x 2 )/2 and (yi + 7/ 2 )/2 are both integers, so that the 
mid-point of AB has integer co-ordinates. 

10. Suppose that the 100 products a* 6 * leave 100 different remainders when 
divided by 100. Then 50 of the products must be odd and the remaining 
50 must be even since their remainders must now be a permutation of 
1,2,..., 100. The 50 odd products use up all the odd a* and all the odd 
b t . Hence the even products are products of even numbers and are there¬ 
fore divisible by 4. But then none of the products will be of the form 
4k + 2, which is a contradiction. 

11. Let 5 be any 7-subset of {1,2,..., 24}. The number of non-empty sub¬ 
sets of S having at most 4 elements is 



If T is any one of these subsets, then the sum of elements in T is be¬ 
tween 1 and 21 + 22 + 23 + 24 = 90. Since 90 < 98, by PP1 it follows 
that the sums corresponding to the above 98 subsets cannot all be differ¬ 
ent. [Note that for the C-element subset {11,17,20,22,23,24} sums 
corresponding to all subsets are different.} 


Scanned by CamScanner 


170 An Excursion in Mathematics 


Chapter 4. Combinatorics 


Exercise Set - 4.4 


True or false? Justify your answer. 

If there are more than m objects and there are m boxes. 

(i) there will be at least 1 box with no objects, 

(ii) there will be at least 1 box with at least 2 objects, 

(iii) there will be at least 2 boxes with the same number of objects. 



Given a group of n women and their h'usbands, how many people must 
be chosen from this group of 2 n people to guarantee that the set contains 
a married couple ? 



Thirteen persons have first names Bapu. Chandru and Damu and last 
names Kale, Late, Mate and Natu. Show that at least two persons have 
the same first and last names. 


/ 


sr r 

/ d 


Eighteen persons have first names Eknath, Ganesh and Hari and last 
names Patil, and Rathi. Show that at least three persons have the same 
first and last names. 


The members of a class of 27 pupils each go swimming on some of the 
days from Monday to Friday in a certain week. If each pupil goes at least 
twice, show that there must be two pupils who go swimming on exactly 
the same days. 



Let A be any set of 20 distinct integers chosen from the arithmetic pro¬ 
gression 1, 4, 7,..., 100. Prove that there must be two distinct integers 
in A whose sum is 104. 



Let S = {3, 7,11,..., 103}. How many elements must we select from 
S to ensure that there will be at least two distinct integers among them 
whose sum is 110? 


/ 

/ 


If 11 integers are selected from {1, 2, 3,..., 100}, prove that there are 
at least two, say x, y , such that 0 < \y/x - y/xj\ < 1. 

How many times must we roll a single die in order to get the same score 
(i) at least twice (ii)at least three times (iii) at least n times (n > 4) ? 


10. (i) Let A: be a positive integer. Prove that there is a positive integer m 
such that k\rn and the only digits in m arc 0’s and 1 ’s. 

(ii) Let A: be a positive integer. Prove that there is a positive integer n 
such that k\n and the only digits in n are 0’s and 3’s. 
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11. Lei n he an odd positive iniegcr. If i 1 J 2 _.in is a permutation of 

1.2 .n. prove that (1 — fj )(2 - 12 ) •••(« — i n ) is an even integer. 

12. In any set 5 of ten 2-digit numbers, show that there always exist 2 non¬ 
empty. disjoint subsets A and D such that the sum of elements in .4 
equals the sum of elements in B. 

13. Let S be a set of 7 positive integers the maximum of which is at most 
24. Prove that the sums of the elements in all the non-empty subsets of 
S cannot be distinct. 

14. Let S be a set of 5 positive integers the maximum of which is at most 
9. Prove that the sums of the elements in all the non-empty subsets of S 
cannot be distinct 

15. Let n > 3 be an odd number. Show that there is a number in the set 
{2 1 — 1, 2 2 — 1, ..., 2 n_1 — 1} which is divisible by n. 

16. At registration time, 750 students were required to select exactly five 
courses from a total of 10. Show that among all such combinations of 
courses, there was at least one not selected by more than two students. 

17. An um contains 100 balls: 28 red, 20 green, 12 yellow, 20 blue, 10 white 
and 10 black. What is the smallest number of balls that must be drawn 
from the um, without looking, if the collection contains atleast 15 balls 
of the same colour ? 

18. Given 8 distinct positive integers from the set {1,2,..., 16} prove that 
there exists k such that a, - aj = k has at least 3 distinct solutions 

( a.i,Qj ). 

19. A storekeeper’s list consists of 80 items, each marked “available” or “un¬ 
available”. There are 50 available items. Show that there are at least 2 
unavailable items in the list either 3 or 6 items apart. 

20. Show that given 52 integers, there exist two of them whose sum or dif¬ 
ference is divisible by 100. 

21. (a) Show that of any 5 points chosen within a square of side length 2, 
there are two whose distance apart is almost \/2. 

(b) Show that of any (n 2 + 1) points chosen in an equilateral triangle 
with side-length 1, there are two whose distance apart is atmost 1 /n. 
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22. Prove that when a rational number a/b. in lowest terms is expressed as a 
decimal, the decimal must either terminates or recurs. 

23. Every point on a straight line is coloured with one of two colours. Prove 
that there is a segment whose ends and mid-point have the same colour. 

24. If the points of the plane are colored in two colours, then show that there 
are three points of the same colour that form vertices of an equilateral 
triangle. 

25. Show that among any 8 composite integers selected from the first 360 
natural numbers, there will always be two which are not relatively prime. 

26. If n + 1 integers are chosen, show that there exist two integers whose 
difference is divisible by n, where n is a positive integer. 

27. In a round-robin tournament, show that there must be two players with 
the same number of wins if no player loses all matches and there are no 
drawn matches. 

28. Show that given any set of seven distinct integers, there must exist two 
integers in this set whose sum or difference is a multiple of 10 . 

29. Show that any collection of eight positive integers whose sum is 20 has 
a subset summing to 4. 

30. Show that if (n 4- 1) integers are chosen from the set 1,2, ..., 2n, then 
(i) there is a pair of coprime numbers among the chosen numbers; (ii) 
there exists a pair among the chosen integers which adds upto 2 n + 1 ; 
(iii) there exists a pair among the chosen integers such that one of them 
divides the other. 

31. In a gathering of n people every two individuals either know each other 
or do not know each other. Show that there must exist two individuals 
who know the same number of people. 

32. A set of numbers is called a sum-free set if no two of them add up to a 
member of the same set and if no member is double of another member. 
What is the maximum size of a sum-free subset of 

5 ={ 1 , 2 ,... , 2 n -f 1 }? 
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33. There are 1958 computers which can communicate among themselves in 
6 languages with the provision that any two computers can communicate 
only in one language out of the 6 languages. Prove that there exist at least 
3 computers whose mutual language of communication, two by two, is 
the same. 


34. Two disks, one smaller than the other, are each divided into 200 congru¬ 
ent sectors. In the larger disk 100 of the sectors are chosen arbitrarily 
and painted red; the other 100 sectors are painted blue. In the smaller 
disk each sector is either painted red or blue with no condition on the 
number of red and blue sectors. The smaller disk is then placed on the 
larger disk so that their centres coincide. Show that it is possible to align 
the two disks so that the number of the sectors of the smaller disk whose 
colour matches the corresponding sector of the larger disk is at least 100 . 

35. Show that every sequence aj, a 2 ,... a mn+ i of mn +1 distinct real num¬ 

bers contains either an increasing subsequence of length m - 1 - 1 or a de¬ 
creasing subsequence of length n + 1. (Recall that if b : b \, b 2 ■ ■ ■, b m 
is a sequence, then b' : 6*,, ,... b ik is called a subsequence of b 

provided 1 < i\ < h < • • • < 4 < m.) 

[For example, let m = 3, n = 4. Then in a sequence of mn+ 1 = 3(4) + 
1 = 13 distinct real numbers, there is either an increasing subsequence 
of length 3+1 = 4 or a decreasing subsequence of length 4 + 1 = 5. In 
the sequence 

4,3,2,1,8,7,6,5,12,11.10,9,16, 

4,8,12,16 is an increasing subsequence of length 4 but there is no de¬ 
creasing subsequence of length 5.] 

36. Show that among any seven distinct positive integers not greater than 
126, one can find two of them, say x and y, such that 1 < y/x < 2 . 


37. Show that given any set A of 13 distinct real numbers, there exist x, y € 
A such that 


0 < 


1^JL<2-V3. 

1 + xy 


Hints and Answers 


1. (i) False; for if the number of objects is m + r, r > 0, then it is possible 
that m - 1 of the boxes contain 1 object each and the m th box contains 
all the remaining r + 1 objects so that no box is empty, (ii) True; this is 


I 

: 
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PP1. (iii) False; for if the number of objects is 77 i(in— 1 )/2, m > 3, then 
m ( m _l)/2 > m and it is possible that the m boxes contain respectively 

0, l, 2.(r/i — l) objects so that all the boxes contain different number 

of objects. ( Note that 1 H-+ (m - 1) = ~ l)/ 2 = lhe tola * 

number of objects given.] 

2. Ans. n + 1. 

3. By the multiplication principle, there are 4 x 3 = 12 possible names such 
as Bapu Kale, Bapu Late etc. Now regard the 13 persons as 13 ‘objects’ 
and the 12 names as 12 ‘boxes’. Then by PP1, it follows that at least 2 
‘objects’ are in the same box i.e. at least 2 persons have the same name. 

4. By the multiplication principle, there are 3 x 2 = 6 names such as Eknath 
Patil etc. Now since there are 18 persons and 18 = 3 x 6, it follows, by 
PP2, that at least 3 persons have the same first and last names. 

5. The set { Monday ,..., Friday} of 5 days has (5) + (4) + ( 3 ) + (2) = 
1 + 5 _|_ 10 -1-10 = 26 subsets each containing 2 or more days. Regard 
the 27 pupils as ‘objects’ and these 26 subsets as ‘boxes’. Then by PP1, 
there must be at least one box containing at least 2 pupils i.e. at least 2 
pupils must go swimming on the same days. 

6. The given A.P. 1 ,4,..., 100 has n th term 3n - 2 and hence contains 34 
terms. Arrange these terms in 18 boxes as follows: 


52 

4 100 

7 97 

• . . 

49 55 


Note that the sum of the numbers in each of the last 16 boxes is 104. 
Then by PP1, if 20 numbers are taken from these 18 boxes, then at least 
two of the numbers must come from the same box (and that box must be 
one of the last 16 boxes since the first two contain only 1 number each) 
and their sum is 104 as required. 


7. Ans: 15. To see this note that the set S contains 26 elements which form 
an A.P. These numbers can be put in the following 14 boxes 


0 


55 


7 103 11 99 


51 59 


where the sum of the numbers in each of the last 12 boxes is 110. Hence 
by PP1 is enough to select 15 elements from S. 
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8 . Consider the integral part [<] of the positive real number t. Then <-[<] = 
/ is the fractional part of t and 0 < / < 1. Now since 1 < x < 100, we 
have 1 < y/x < 10 and so 1 < [y/r] < 10. Thus for elements x of 5, 
[v/i] must be one of the 10 numbers 1,2,..., 10. Hence if 11 numbers 
are taken from 5, then by PP1, at least two of them, say x,y, must be 
such that yjx and y/y have the same integral part, say i. So if y/x — *+/i 
and y/y = t' + / 2 , 0 < /i,/ 2 < l,then0 < \\/x-y/y\ = |/i — / 2 I < 1* 

9. The score is one of the 6 numbers 1,2,..., 6 in one roll of the die. (i) 
So, by PP1, we must roll the die 7 times to be sure to get the same score 
twice, (ii) Since 13 = 2 x 6 4-1, by PP2, if we roll the die 13 times, then 
we must get the same score at least 3 times, (iii) 6(n - 1) 4-1. 

10. (i) The 9k 4- 1 numbers 10 1 ,10 2 ,..., 10 9fc+1 , when divided by 9A:, can 
leave only 9 k different remainders 0,1,..., 9k — 1. Hence, by PP1, two 

w of these numbers , say 10 r and 10 3 (r > s), leave the same remainder 
on division by 9k. Thus 9Ar divides 10 r - 10 3 so that 10 r — 10 3 = 
10 3 (10 r_3 — 1) = 9 kl, for some integer l. Now the integer 10 r-3 — 1 
consists of digit 9 only. Hence (10 r_3 — l)/9 is an integer Thus m = 
10 3 (10 r “ 3 — l)/9 is an integer consisting of digits 0 and 1 only and fc|m 
since m = kl by the above. 

(ii) Find the number m as in (i). Then n = 3m is as required. 

11. Since n is odd, let n = 2m 4- 1 where m is a non-negative integer. 
Then the set S = {1,2,...,n} contains m + 1 odd numbers, namely 
1 ,3,..., 2m + 1 but only m even numbers, namely 2,4,..., 2m. The 
same is true of the permutation * 1 , i 2 , • • •, i n of S. Consider the m + 1 
numbers 1 - ii, 3 - i 3 ,..., n - i„ which are of the form r-i r where r 
is odd. Since i 8 is even for only m values of s, by PP1, one of the m 4-1 
numbers i x , i 2 ,..., i n , say i t , is odd where t is also odd. Hence t - i t is 
even and so the product (1 — ii){2 — * 2 ) • • * (fi “ *n) is even. 

12. Let s(T) denote the sum of the numbers in any non-empty subset T 
of S. Then by data, the largest number in S can be at most 99 and so 

s(T) < 90 -l- 91 4--h 99 = 945. Thus s(T) has at most 945 different 

values. But the number of non-empty subsets of S is 2 10 - 1 = 1023. 
Hence, regarding the sums s(T) as ‘boxes’ and the non-empty subsets 
T of S as ‘objects’, we see that there are more objects than boxes. So, 
by PP1, there exist 2 distinct non-empty subsets Ai and B\ such that 
s(A\) = s(Bi). If Ai,Bi are disjoint, they are the required subsets. If 
A\ D B 1 is non-empty, we can remove the common part from each of 
them to get the required subsets. 
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13. Let s(T) denote the sum of the numbers in any non-empty subset T of 
5. Since the largest number in T can be at most 24 we have s(T) < 

18 + 19 H-h 24 = 147. Thus s(T ) can have 147 different values. But 

we cannot argue as in the last problem because in this case the number 
of non-empty subsets of S is 2 7 - 1 = 128 - 1 = 127 which is less than 
the number of possible sums, namely 147. So we consider non-empty 
subsets A of 5 such that \A\ < 5. There are in all 2 7 - (1 + 7 +1) = 119 
such subsets T because we have to exclude the empty set and the ( G ) = 7 
subsets with 6 elements each and the set S itself. Now for such a subset 
A we have s(A) < 20 + 21 + 22 + 23 4- 24 = 110. Hence, as in the last 
problem, by PP1 we see that there exist 2 non-empty subsets A, B with 
at most 5 elements such that s(A) = s(B). 

14. Consider non-empty subsets A of S' such that |Aj < 3 and proceed as in 
the last problem. 

15. Consider the n numbers 2°.2 1 ,..., 2 n_1 . Since n is odd, none of these 
numbers is divisible by n and so, modulo n, they can leave only n — 1 
different remainders: 1,2,..., n — 1. Hence, by PP1, two of them, say 
2 r and 2 s , 0<s<r<n — 1, must leave the same remainder modulo 
n so that n divides 2 r — 2 s = 2 s (2 r ~ a - 1). Hence n divides 2 r ~ a — 1 
since n is odd and so n and 2 s are coprime. So the result follows since 
1 < r — s <n — 1. 

16. There are (g 0 ) = 252 different 5-combinations of the 10 courses avail¬ 
able to the 750 students. Hence the average number of times a combina¬ 
tion is chosen by a student is 750/252 = 2.97... Hence, by PP3, there is 
a combination which was chosen by at most 2 students. 

17. By PP4, it is enough to draw (14 4-14 + 12 -f 14 + 10 -f 10) 4-1 = 75 
balls. 

18. Let ai,... ,08 be the chosen numbers. Without loss, we may suppose 
that these are arranged in decreasing order: 

ai > a 2 > a 3 > a 4 > a 5 > a 6 > a 7 > a$. 

Now we have (*) = 28 differences of the form a* - a 3 with i < j. 
We have to show that at least three of these differences are equal with 
common value k, say. We will, in fact, show that at least three of the 
following seven successive differences 

- a 2t u 2 ~ O3, 03 — 04, 04 — 05, 05 — fly, 0(5 — 07, a 7 — 03 (i) 
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are equal. Since 1 < a, < 16, the sum of these differences is aj - o 8 < 
16 - 1 = 15. Suppose, if possible, that, any difference can occur at the 
most twice. Then the sequence of differences having minimum sum is 
clearly the following: 

1, 1, 2, 2, 3, 3, 4; 

and the sum of these differences is 16. This contradicts the fact that the 
sum of the differences is always <15. Hence at least three of the seven 
differences in (i) must be equal. 

19. Let the positions of the unavailable items be a \, a 2 , • • •, 030 - 
Since 030 < 80, we see that the 90 numbers 

rt] < a 2 < • • ’ < a 30 

and flj + 3 < 0,2 -h 3 < .. • < 030 4* 3 

and oi+ 6 <a 2 + 6 <...< 030 + 6 

lie between 1 and 80. Hence by PP1, two of these numbers must be 
equal. But the numbers in the first row are all distinct and similarly the 
numbers in the second row and those in the third row are all distinct. 
Hence some number in one of the rows must be equal to a number in 
some other row. So, for some i,j we have either a.i = aj -f 3, or a* = 
a,j + 6 or a* 4- 3 = aj 4- 6 . Hence either, a* — aj = 3 or a* — aj = 6 , 
as required. 

22. We obtain the decimal for a/b by long division as follows: Divide a by 
b to obtain a = xb + r, 0 < r < 6 . Next, divide lOr by b to obtain 
lOr = x\b + n, 0 < n < 6 . Next, divide lOn by b to obtain lOn = 
x 2 b + r 2 , 0 < r 2 < 6 ; next divide 10 r 2 by b to obtain 10 r 2 = x 3 b + 
r 3 , 0 < r 3 < 6 , and so on. Then, we get a/b = x • 2 : 12 : 2 X 3 
Now if the decimal does not terminate, then we must obtain a non-zero 
remainder at each stage. Since there are only 6 — 1 possible different 
non-zero remainders, by PP1, some remainder must be repeated after at 
most 6 steps. Hence the expansion will recur from this point onward. 

23. Suppose every point on a straight line is coloured with one of 2 colours, 
say red and blue. Then there exist 2 distinct points, A and B, with the 
same colour, say red. 

Let C be the mid-point of AB. (i) Let C be red. Then segment ACB is 
as required, (ii) Let C be blue. In this case, take a point A' on the ,4- 
side of C such that A A' = AB and a point B' on the B-side of C such 
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that BB' = AD. If A' and B' arc both blue, then segment A’CB' is as 
required. If A' is red, then segment A r AB is as required. If B is red, 
then segment ABB' is as required. Thus the result holds in all cases. 

24. Suppose the points of the plane are colored in two colours, say red and 
blue. Then, as shown in the last problem, there exists a segment ADB 
such that D is the mid-point of AB and the points, A , D , B have the 
same colour, say red. Consider an equilateral triangle. ABC. Let E , F 
be respectively, the mid-points of BC and CA. If E ( respectively F ) 
is red, then A DBE ( respectively A DFA ) is as required. So, suppose 
both E, F are blue. Then if C is red, then A ABC is as required and if 
C is blue, then A CFE is as required. 

25. Let ai,..., ag be eight composite numbers from the numbers 1,..., 360. 
Now for 1 <i <8, ai < 360 < 361 = 19 2 . Hence, if p is the smallest 
prime divisor of any a*, then p < y/ai < 19. Now there are only 7 
primes less than 19: 2,3,5,7,11,13,17. So, by PP1, at least 2 a*’s must 
have a common prime divisor. 

33. Let C\ be any one of the given 1958 computers. Then since C\ commu¬ 
nicates with the remaining 1957 = 326 x 6 +1 computers in 6 languages, 
it follows by PP2 that C\ communicates with at least 327 computers in 
the same language, say L\. If two of these 327 computers communi¬ 
cate with each other in this language L\, the the result holds. Otherwise 
these 327 computers communicate with each other in the 5 remaining 
languages. Now we c.an repeat the above argument: Let C 2 be any one 
of the above 327 computers. Then C 2 communicates with the remaining 
326 = 65 x 5 -I-1 computers in 5 languages, so that C 2 communicates 
with at least 66 computers in the same language, say L 2 . If two of these 
66 computers communicate with each other in this language L 2 , then 
the result holds. Otherwise these 66 computers communicate with each 
other in the 4 remaining languages, and since 65 = 16 x 4 -f 1, we are 
reduced to the case of 17 computers which communicate with each other 
in the same language out of the 4 languages. Next, since 16 = 3 x 5 + 1, 
we have the case of 6 computers which communicate with each other in 
2 languages. Now the result follows by solved Ex. 7 above. 

34 Let Si, S 2 ,..., 5200 denote the successive sectors of the smaller disk. 
As the smaller disk rotates, sector S\ matches in colour with 100 sectors 
of the larger disk in one complete rotation. Similarly, sector S 2 matches 
100 times and so on for each of the 200 sectors of the smaller disk. Hence 
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in all there are 100 x 200 = 20000 colour matches for the 200 sectors 
of the smaller disk. Therefore the average number of colour matches per 
position is 20000/200 = 100. So the result follows by PP3. 

35 Let a : a u * 2 , • • •» o mn+ i be the given sequence. Let x { denote the 
length of the longest increasing subsequence of a beginning at aj and let 
y, be the length of the longest decreasing subsequence of a beginning at 
a,. Consider the mn +1 ordered pairs (i*, yi), 1 < * ^ mn + L 
prove that 


(*) All these mn 4-1 ordered pairs are distinct. 


For any distinct integers i,j such that 1 < i,j < mn + we 216 
given that a* ^ a_, since the terms of the sequence are distinct. Let 
i < j. First let a* < a, . Then it follows that a:* > Xj since we can 
append a* at the beginning of every increasing subsequence beginning 
with a, and obtain a longer subsequence of the same type. ( To sec 
this, let a' : a ilf a* f .'..a*., where h = h be any increasing sub¬ 
sequence of a starting with aj. Then since i < j = ju the sequence 
a" : a,i , Ojj, a j2 ,... a jr obtained by appending a { to a' is a subsequence 
of a starting with a*. Further, this last subsequence is also increasing be¬ 
cause by supposition a* < .) 


Similarly, if a { > a jt then yi > Vj- Hence, if i ± j , then (xi,yi) and 
( Xj ,yj) are distinct ordered pairs. This proves (*). 


• Now suppose that the stated result is not true. Then for each i, we must 
have 1 < Xi < m and 1 < ft < n. Thus there are only m possible 
different values of s, and only n possible different values of y,. Hence, 
by the multiplication principle, only mn of the mn + 1 ordered pairs 
( Xi , yi ) can be distinct. Hence by PP1, at least 2 of the mn + 1 ordered 
pairs must be equal: contradiction to (*). Hence the result is true. 


4.4 Principle of Inclusion and Exclusion 

The Principle of Inclusion and Exclusion (PIE) is the most general form of 
the addition principle for enumeration. Let 5 be a finite set of objects. Let A 
and B be two subsets of 5, then to count the number of elements in A UB 
is to count the number of elements of A and those of B - A and add. But 
\B-A\~\B\-\AHB\. Hence 

\AuB\ = \A\ + \B\-\AnB\. 


i 
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In other words, while counting elements of A and of B separately, elements 
common to both A and B are counted twice and so in order to nullify this 
double counting one has to remove the A n B count once from \A\ + \B\. 

Genera) form of PIE Let A \, A 2 ,..., A m be subsets of an n-element set S. 
Let A| = S - Ai = the complement of A< in S. Then the number of elements 
not belonging to any of the sets A u A 2 ,..., A m is given by 

Mn/4'jn...n4j = n-s,+s 2 -S 3 + ... + (-i) m s m , 

where s r = £ Mi, n A ia D... n A ir \ 

and the sum is taken over the C(rt, r) choices of r integers tj. i r such that 

1 5: *1 < *2 < • • • < i r < m. 

To understand this better let us take m - 3. Then 

|A', n A' 2 n A 3 I = n-(|A 1 | + |A 2 | + |A 3 |) 

+ (Mi n a 2 | + |Aj n a 3 | + M 2 n a 3 |) - \a x n a 2 n a 3 |. 

Example 1 Find the number of positive integers between 1 and 1000 which 
are divisible neither by 2 nor by 5 . 

Solution. Let S = {1,2.1000}, A = {x 6 S|2 divides x}, 

B = {x 6 S| 5 divides x}. We are interested in finding \A' n B'l. Recall the 
De Morgan laws, 

(A U Z?) = A! n B\ (A n B)' = A! U B' . Thus if [x] denotes the integral part 
of x. 


M' n B'l _ |(A U B)'\ = \s\ - \A U B\ = \S\ - (\A\ + \B\ - |A n S]) 
= 1000 - ([1000/2] + [1000/5] - [1000/10]) = 400. 

Example 2 A party is attended by n persons and every party-goer leaves his 

hat at the counter. In how many ways can the hats be given back so that nobody 
receives his own hat? 3 


Solution. Let I 2,3, n be these persons and i, 2,.... ft denote their corre- 
spondmg tats Let A, denote the set of all distributions so that i gets his own 

,, nu . mbcr ,“ f distributions in which i gets i is clearly (n - 1 )! as the 

11 rvrenrfc TS , ^! S Ca ," ** dlstribule<1 arbitrarily among the remaining (n- 
1 ) persons. Thus |Aj| = ( n - 1 )!. 6 v 

Next for “ch choice of k distinct integers i,, t 2 ..., i* from 1,2.n let 

M **"'** 11 «» H ... n Ai k = the set of all distributions so that i’i gets 


j 
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<!,«,, gets i 2 .ifc gets i*, then again = ( 7l “ *)!• Note that this 

counting is independent of the choice of *i» • • • > *fc* num r 0 wa ^ s 1 

which we can choose k distinct symbols from 1,2,... n is C(n. )• 

Thus 5*= £ = C{n, k) • (n - k)\ = f r Now by PIE 

\A\ D A' 2 n... n JQ = n! - C(n, l)(n - 1)! + C(n, 2)(n - 2)!- ... 

+ (-l)*C(n, fc)( n -£)! + ...+ (-l)"C(n,n) 


= n! 


1 1 

1 1 ! 91 


(-I)” 


1 


This number is denoted by D„. Thus the probability that no one gets his own 
hat is D„/n\. Note that D n is the number of derangements of S = (1,2,... n), 
where a derangement of 5 is a permutation (ii* * 2 * - - - *n) suc h that i* ^ k for 
A: = 1,2,.. .n. 


Example 3 Find the number of integer solutions of a?i + £2 + x 3 — 24 subject 
to the conditions 1 < X\ < 5, 12 < X 2 < 18, — 1 < X 3 < 12. 


Solution. Let y\ = x\ - 1, y 2 = - 12, i /3 = x 3 + 1> so that the equation 

becomes yi +y 2 + 2/3 = 12 , and we want non-negative integer solutions subject 
to the conditions yi < 4, y 2 < 6 , y$ < 13. Let A , B, C be respectively 
the sets of all solutions (yi,y 2 ,y 3 ) such that yi > 4, y 2 > 6 , y 3 > 13- 
Then A n B is the set of solutions with yi > 4 and y 2 > 6 , with similar 
meaning for A(lC, B n C and A D B D C. Now the number of non-negative 
integer solutions of yi + y 2 + y 3 = 12 is n = ( 3 {2 ) = Further, 

\A\ = ( 3_ 7 +7 ) = 36, \B\ = ( 3 “J +5 ) = 21 and \C\ = 0, since y 3 < 13; and 
similarly \A D B\ = 1, \A n C\ = \B D C\ = 0, |A n B n C\ = 0. Hence, by 
PIE, the required number of solutions is 91 — (36 + 21 + 0) + (1) — 0 = 35. 


Example 4 A person starts from the origin 0(0,0) in the X-Y plane. He takes 
steps of one unit along the positive X-axis or the positive K-axis. Travelling 
in this manner, find the total number of ways he can reach A(9, 6 ) avoiding 
both the points P(3,3) and <2(6,4). 

Solution. We use the following formula: the number of paths from (0,0) to 
(m, n) is ( m ^ n )- Let T(0, A) be the set of all paths from 0(0,0) to A(9, 6 ), 
T(0, P, A) be the set of all paths from O to A via P , etc. Hence 
|T(0, P, A )| = |P(0, P)| x |T(P, A)|, where |T(P, A)| is to be evaluated by 
shift of origin to P. Now, 

/9 + 6 \ 

|T(0,A)|. = 6 J =5005, 

\T(0,P,A)\ = ( 3 3 3 ) x ( 6 3 3 ) =20 x 84 = 1680, 


Scanned by CamScanner 



182 An Excursion in Mathematics Chapter 4. Combinatorics 



By the inclusion-exclusion principle, the required number of paths is given by 

\T(0, A )| - (|T(0, P, A)\ + \T{0, Q, A)\) + \T(0, P, Q, A)\ 

= 5005 - 1080 - 2100 + 800 = 2025. 

Exercise Set-4.5 

1. Find the number of integers between 1 and 1000 inclusive which are not 
divisible by any of 2,3, and 7. 

2. How many integers between 1 and 1000,000 inclusive are neither perfect 
squares, nor perfect cubes, nor perfect fourth powers? 

3. (a) Show that for n>2,D n = (n - l)(D n -i + JD n _ 2 ). 

(b) Show that D„ is even, if n is odd. 

(c) Show that D n = nD n -i+ (-l) n ,n > 2. 

4. In how many ways can the letters A/, A, D , /, 5, O, N be written 
down so that the word spelled completely disagrees with MADISON ? 

5. Prove that there exist 2 n - 2 numbers that have n digits made up only of 
the numbers 1 and 2 and contain each digit at least once. 
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6. bind the number of positive integer solutions of j\ 4- X 2 + = 15 

subject to the conditions xi < 5, x 2 < G, x 3 < 8. 

7. Three identical black balls, four identical red balls and five identical 
white balls arc to be arranged in a row. Find the number of ways that 

can be done if all the balls with the same colour do not form a single 
block. 


Solutions to Exercise set-4.5 

1. 286 2. Hint: The numbers between 1 and 10 6 which are perfect k th powers 
are the integers n such that 1 < n < 10 6/ *. Ans. 998910. 

4.5 Recurrence Relations 

Definition: A recurrence relation for the sequence ao,aj,... is an equation 
that relates a n to certain of its predecessors a 0 , ai,..., a n _!. 

A recurrence relation defines the n th term of a sequence indirectly. We 
give two examples of recurrence relations. 

1. Fibonacci Sequence: F 0 = 1, F l - l and for n >2 ,F n = F n _ 2 + F n _ 2 . 

This sequence is 1, 1,2, 3,5, 8, 13. 

i 

2. Derangements: D n = (n- 1 )(D n _ 1 + D n _ 2 ) 

The following examples illustrate how to obtain the recurrence relations. 

Examples 

1. Find the number of regions n lines in general position in the plane divide 
the plane into. 

Solution. Here it is assumed that no two of the n lines are parallel and 
no three intersect at the same point. Let d n denote the required number 
of regions into which the plane is divided. Then a 0 = 1, ai = 2, a 2 = 4, 
a 3 = 7. In fact, for n > 1, a n = a n _i +n. This happens because the nth 
line is cut by the previous n — 1 lines in n segments and each segment 
cuts a region into two new regions. Hence n regions are added to a n _! 
giving a n . Now 

a i =1-1-1, 02 = ^1 +2, ., a n =a n _ 1 +n. 

Adding these equations we get a n = 1 + |n(n + 1). 

2. Find the number of binary sequences of length n having no 11. (In a 
binary sequence every term is 0 or 1). 
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Solution. Consider the set S n of all n- bit sequences with no 11. Let 
n > 3. Decompose S n into 5 n . 0 and ,9 n<1 as follows: 

S n ,o — u ~~ bit sequences starting with a zero and without 11, 

S n .i = n- bit sequences starting with a one and without 11. 

Clearly S n ,o is obtained by appending a zero at the beginning of elements 
of 5 n _,. Also in every element of S nl the second digit has to be 0 and 
the remaining n - 2 bit-sequence must come from S n - 2 * Let a„ denote 
the number of elements in 5 n . Then we get a n = a n _i -I- a n _ 2 , n > 
3. (The recurrence relation is same as that for the Fibonacci sequence, 
however the sequence a n is different as the initial values are different: 
fli = 2, a 2 = 3.) 

3. There are n necklaces such that the first necklace contains 5 beeds, the 
second necklace contains 7 beeds, and in general the ith necklace con¬ 
tains t beeds more than the number of beeds in the (i — l)sf necklace. 
Find the total numbers of beeds in all the n necklaces. 

Solution. Let Ti denote the number of beeds in the ith necklace. Thus 
for 2 < i < n 


T 2 = Ti + 2 
T 3 = T 2 +3 


— Tj_! + i 


Adding, Ti — Ti + 2-f-3H - hi = 4+ i.e. Ti = 4 + |(i 2 + i) 

This holds for 1 < i < n. Adding, we get 


n 1 n n 

= E4+^E‘- 2 + |E- 

1=1 1=1 1=1 1=1 

= In | l Tl ( n + 1 )( 2ri + l) 1 n(n + 1) 


2 6 2 
n(n + l)(n + 2) _ n, 

6 


= 4n+ = g[n 2 + 3n + 26] 


4. Tower of Hanoi: This is a puzzle consisting of three pegs mounted 
on a board and n disks of different sizes. Initially all the n disks are 
stacked on the first peg so that any disk is always above a larger disk. 
The problem is to transfer all these disks to peg 2 with minimum number 
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of moves, each move consisting of transferring one disk from any peg to 
another so that on the new peg the transferred disk will be on top of a 
larger disk. (Keeping a disk on a smaller disk is not allowed). 



Tower of Hanoi 


Solution. To accomplish this, let Ci denote the minimum number of 
moves required to transfer a heap of i disks from one peg to another 
under the given conditions. First transfer uppermost n — 1 disks from 
first peg to peg 3. This can be done in C n -i moves (minimum number). 
Now transfer the n th disk from peg 1 to peg 2. Place the n -1 disks from 
peg 3 to peg 2 using C n ~i moves. Thus we get the recurrence relation, 
C n = 2C n _i + 1. 


Exercise Set-4.6 

I. Determine the recurrence relation for a n : 

(i) a n is the number of regions into which the plane is divided by n 
circles, where each pair of circles intersects in exactly two points and no 
three circles meet in a single point. 

(ii) In a singles tennis tournament, 2 n players are paired off in n matches; 
a n denotes the number of different ways in which this pairing can be 
done. 

2 . n points are given on the circumference of a circle, and the chords deter¬ 
mined by them are drawn. If no three chords have a common point, how 
many triangles are there all of whose vertices lie inside the circle? (E.g. 
one triangle when n = 6). 

3. Let n be an integer > 3. Find a direct combinatorial interpretation of the 
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4. Suppose 5 points are given in the plane, not all on a line, and no 4 on 
a circle. Prove that there exists a circle through three of them such that 
of the remaining 2 points, one lies in the interior and the other is in the 
exterior of the circle. 

5. Show that for each n > 6, a square can be subdivided into n non¬ 
overlapping squares. 

6 . If n is a power of 2, say 2 fc , find the largest value of m such that there is 
an m-element subset A of {1 ,2,3,..., 2 fc } such that 

(i) The set A does not contain a power of 2 (not even 2° = 1), and 

(ii) No two elements of A adds upto a power of 2. _ 

Solutions to Exercise Set-4.6 

1 * (0 On = On—i + 2n — 2, oi = 2. (ii) a„ = (2n — l)a n _i, a\ = 1. 

4. Take n points on a circle with centre O. The number of chords formed from 

these points is (”) and the number of pairs of chords is (^)). Now consider the 
n + 1 points including given n points and the centre O. We can choose 4 points 
out of these n + 1 points to get ( n +*) combinations. If such a combination 
contains O, then we get 6 line segments of which 3 are radii and 3 are earlier 
chords. 

The 3 chords give rise to ( 2 ) = 3 pairs of chords with exactly one point 
common to a given pair. E.g. {O, A, B, C} gives AB, AC, BC as three chords 
and {AB, AC}, {AB, BC} and {AC, BC} as three pairs of chords. 

We next consider a collection of 4 points not including O. This gives ( 2 ) = 
6 chords and hence (~) = 15 pairs of chords. Out of these we take into account 
only those pairs having no point common. (The pairs with one point common 
have already been considered). These are again exactly 3. E.g. {A, B, C, D} 
gives rise to the pairs {AB,CD}, {AD,BC} and {AC,BD}. In this way, 
we have counted all the earlier pairs of chords. Hence the second method of 
counting pairs of chords gives their number as 3( n ^. 

Hint for 5. First show that two of the points, say A and B , can be chosen so 
that the remaining points, say P, Q, R, lie on the same side of the line AB. 
Show that the angles /.APB, /AQB , /ARB are all of different sizes. We 
may suppose then that /APB < /AQB < /ARB. Hence the circle through 
A, B and Q contains R in its interior and P in its exterior. 

Generalization: Consider 2n -4- 3 points. (5 is the case n = 1) then there is 
a circle through 3 of the points with n points inside and n points outside the 
circle. 
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Hint for 6. Consider the set A = {2 k 1 + 1,2 fc 1 + 2,...,2 1}- Ans - 

m = 2* -1 — 1 . 

4.6 Miscellaneous Problems 

Example 5 Let a u ..., aio be ten real numbers such that each is greater than 
1 and less than 55. Prove that there are three among the given numbers whic 
• form the lengths of the sides of a triangle. 

Solution: Without loss of generality, we may take 

1 < aj '< a2 < • • . < aio < 55. (i) 

Let, if possible, no three of the given numbers be the lengths of the sides of 
any triangle. We will consider the triplets a,, at+i,a»+ 2 * 1 < « < 8. As these 
numbers do not form the lengths of the sides of a triangle, the sum of the 
smallest two numbers should not exceed the largest number i.e. a, + a «+i < 
a* + 2 - Hence, 

i = 1 gives ai 4- a 2 < <23 giving 2 < <13. 
i = 2 gives a? + 03 < &4 giving 3 < < 24 . 
i = 3 gives <23 + 04 < as giving 5 < as. 
i = 4 gives 04 + as < giving 8 < a 6 - 
i = 5 gives a 5 + a 6 < 07 giving 13 < aj. 
i = 6 gives a 6 + 07 < as giving 21 < ag. 
i = 7 gives a 7 + a 8 < a 9 giving 34 < a 9 . 
i = 8 gives a 8 + a 9 < aio giving 55 < ai 0 , 

contradicting (i). 

Hence there exist three numbers among the given numbers which form the 
lengths of the sides of a triangle. 

Example 6 In a collection of" 1234 persons any two persons are mutual 
friends or enemies. Each person has at most 3 enemies. Prove that it is possi¬ 
ble to divide this collection into two parts such that each person has at most 1 
enemy in his subcollection. 

Solution. Let C denote the collection of given 1234 persons. Let { Cj,C 2 } 
be a partition of C. Let e(Ci) denote total number of enemy pairs in C\. Let 
e(C’ 2 ) denote the total number of enemy pairs in C 2 . 

Le,t e(Ci,C 2 ) = e(Ci) + e((? 2 ) denote the total number of enemy pairs cor¬ 
responding to this partition { C x , C 2 } of C. Note e(C,, C 2 ) is an integer > 0. 
Hence by Well-ordering principle there exists a partition having the least value 
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ofe(Ci.C 2 ). 

Claim: This is a required partition. 

If not, without loss of generality suppose there is a person P in C\ having at 
least 2 enemies in Cj. Construct a new partition {Di , D 2 ) of C as follows: 

D\ = C\ — {P} and D 2 = C 2 U {P}. Now 

c{D\,D 2 ) = e(D\) + e(D 2 ) < (e(Ci) - 2] -F (e(C 2 ) + 1] = e(C\,C 2 ) - 1 
Hence, e(D\,D 2 ) < e(Ci,C 2 ), contradicting the minimality of e(Ci,C 2 ). 

Example 7 A barrel contains 2n balls, numbered 1 to 2n. Choose three balls 
at random, one after the other, and with the balls replaced after each draw. 

What is the probability that the three element sequence obtained has the 
properties that the smallest element is odd and that only the smallest element, 
if any, is repeated? 

Solution: The total number of possible outcomes is N = 2n x 2n x 2n = 8n 3 . 
To find the total number of favourable outcomes we proceed as follows: 

Let a be any odd integer such that 1 < a < 2 n — 1 and let us count the 
sequences having a as least element. 

(i) There is only one sequence (a, a, a) with a repeated thrice. 

(ii) There are 2 n - a sequences of the form (a, a, b) with a <b< 2n. For 
each such sequence there are three distinct permutations possible. Hence there 
are in all 3(2n — a) sequences with a repeated twice. 

(iii) When n > 1, for values of a satisfying 1 < a < (2n - 3), sequences 
of the form (a, b, c ) with a < b < c < 2 n are possible and the number of such 
sequences is r = 1 + 2 + • • • + (2n - a - 1) = ±(2n - a)(2n - a - 1). For 
each such sequence there are six distinct permutations possible. Hence there 
are 6r = 3(2n - a)(2n - a - 1) sequences in this case. 

Hence, for odd values of a between 1 and 2n - 1, the total counts of pos¬ 
sibilities Si, S 2 , S 3 in the above cases are respectively 

5, = 1 + lH -1-1= n, S 2 = 3 [ 1 + 3 + 5 -I- • • • + (2n - 1) ] = 3 n 2 , 
S 3 = 3[2x3 + 4x5h f- (2n — 2)(2n - 1) ] = n(n - l)(4n + 1). 

Hence the total number A of favourable outcomes is A = 5 X + S 2 + S 3 = 
n 4- 3n 2 -f n(n - l)(4n + 1) = 4 n 3 . Hence the required probability is 

A _ 4n 3 1 
N~8^ = r 

*** 
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Regional Mathematical Olympiads in India 


With a view to locate and then nurture Mathematical talent among school 
going children in India, an elaborate scheme has been drawn up by the Na¬ 
tional Board for Higher Mathematics (NBHM). Under this scheme. Regional 
Mathematical Olympiads (RMO) are held in various regions across the coun* 
try. More information and the exact date can be obtained from the concerned 
regional/group coordinators. The list of the coordinators is given at the end of 
this write up. Primarily, students of Std. XI and XII (first and second year of 
Junior College) can appear for RMO. But the students of Std. VIII, IX or X 
are also eligible to appear for RMO. The top 15 to 30 students from each re¬ 
gion/group selected in RMO, including at most 6 students from Std. XII, will 
be invited to write the Indian National Mathematical Olympiad (INMO).There 
is no fixed syllabus for RMO or INMO. Problems asked are of a non-routine 
type but within the capacity of a bright talented 15 year old student. The top 
30 students of INMO (called INMO Awardees) would be invited to a Summer 
Camp at HBCSE, Mumbai in May-June. All these students, and also INMO- 
awardees of the previous years who are still pre-university students and who 
show good performance in postal correspondence during the academic year, 
would be eligible to be selected to the Indian team for participation in Interna¬ 
tional Mathematical Olympiad (IMO). The selection of the team is done during 
the Summer Camp. 

INMO awardees may take up any branch of study in future and if they give 
evidence of their continued interest in mathematics, they will be eligible for 
NBHM scholarships. NBHM organises Nurture Programs every year in sum¬ 
mer vacation for these talented students. 

National Coordinator, Prof. R. B. Bapat 

Indian Statistical Institute, 7, S.J.S. Sansanwal Marg, New Delhi-110016 
email: rbb@isid.ac.in 

List of Regional Co-ordinators 

1. Region Costal AP & Rayalaseema Prof. David Kumar, Commission- 
erate of Collegiate Education, Govt, of Andhra Pradesh, Opp. To Latha 
complex, Namapally (Station ), Hyderabad -500 001 

Ph.: 040 - 2461 7469 Fax: 040 - 2460 2285, 2461 7469 
E-mail: rdkumarl729@yahoo.com rdkumarl729@gmail.com 

2. Region Telangana Prof. R. Kedareshwar Rao Dept, of Mathemat¬ 
ics, Acharya Aryabhata University,Vignan Vidyalayam, Nizampet, opp. 
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JNTU Kikatpally.Hyderabad - 500 072. Ph. (040) - 2461 7469, (040) 
2301 1853, c-mail:kedar_rudra@yahoo.co.in 


3. Region South Bihar Prof R K Das Lai Bagh, Tilakamanjhi, Police Line 
Road Bhagalpur 812 001, Bihar Ph.: (0641) - 2611 236. 


4. Region North Bihar Azhar Hussain Dept, of Mathematics Veer Kun- 
war Singh University Ara (Bihar) Email: hussainazhar@yahoo.com 


5. Region Delhi Prof Amitabh TOpathi Dept of Mathematics 'IT, Hauz 
Khas, New Delhi 110 016 Ph.: (Oil) - 2689 6831 (Oil)- 2659 M 
E-mail: atripath@maths.iitd.emet.in atl 089 @rediffmail.com 


6. Region Gujarat Prof. I. H. Sheth Dept of Mathematics^School of. 
Sciences Gujarat University Navrangpura, Ahmedabad 380 009. 

Ph.: (079)-2630 1154(0) 

E-mail: ganit_spardha@yahoo.co.in, yisheth@yahoo.co.in 

7. Region Jharkhand Dr. K. C. Prasad Dean faculty of science Ranchi 
University, Dept, of Mathematics,Morabadi Campus, Ranchi 834 008 
Ph.: 0651 -2233 877 / 2233 127 (O) Fax: 0651 - 2233 877. 


e-mail: kcprasadl@rediffmail.com 


8. Region Karnataka Dr. B. Sury (RMO) Stat math Unit Indian Statisti¬ 
cal Institute 8th Mile Mysore Road, RV College Post Bangalore 560059 
Ph: (080) 28483002/ 06 Extn. 445 (O) (080) 28484265 (F) 

Email: sury@isibang.ac.in 


9. Region Karnataka Dr. A. K. Nandakumaran (INMO) Dept of Math¬ 
ematics IISc Bangalore 560 012 Ph.: (080) - 2293 2265 
e-mail: nands@math.iisc.emet.in 


10. Region Kerala Dr. Ambat Vijaykumar Reader Dept of Mathemat¬ 
ics Cochin University of Science & Technology Cochin 682 022 Ph.: 
(0484) - 2577 518 (O) e-mail: ambatvijay@rediffmail.com vijayam- 
bat@member.ams.org vijay@cusat.ac.in 

11. Region MP Shri Anantram R. Pathak Director, State Institute of Sci¬ 
ence Education (SISE) P. S. M. Campus, Jabalpur 482 001 Ph.: (0761) - 
2625 776 (O) Dr. Rajendra Pandey Fax: 0761 4004206 

12. Region Chhattisgarh Dr. V. K. Pathak, Asst. Professor (Mathematics) 
Govt. P.G. College, Dhamtari Chattisgarh : 493773 Ph. 07722-Fax: 
07722- 237933 Email: vkpath21162@yahoo.co.in 
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Pratishthan 56/14, Erandawane, V. Damle Path Off Law College Road 
Pune 411 004. Ph.: (020) -2543 4547/2541 0724 (O) 
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Ph.. (0674) - 2582 301 (O) E-mail: spadhy@sanchamet.in 
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700 108. Ph. (033) - 2575 3422, Fax : 91 - 33 - 2577-3071. e-mail. 
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24 Region J & K Dr. Bashir Ahmed Zargar Department of Mathematics 
Unfversity ofKashmir Srinagar - 190006 Ph. (0952) 257347 e-mail : 
zargarba3 @yahoo.co.in 

25. Region KVS Mr. GS. LawaniaKVS Mathematics Olympiad. Kendriya 
Vidyalaya NTPC, Badarpur New Delhi 110 044. 

Ph.: 98914 26013 E-mail: gslawania@rediffmail.com 

26. Region CBSE Director (Academic) Central Board of Seco"^®*'' 
cation Shiksha Kendra Bhavan 2, Commercial Centre. New Delhi 1 
092. Ph: 2322 0154 (Dir) / 2251 5829 
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Divisibility, 1 
Division Algorithm, 2 
Division Algorithm 

for Polynomials, 49 

Elementary Symmetric 

Polynomials, 53 
Euclid’s Lemma, 7 
Euclidean algorithm, 5 


Euler Line, 113 

Euler’s Theorem, 21, 118 

Euler’s Totient Function, 20 

Factor Theorem, 50 
Fermat Numbers, 8 
Fermat primes, 8 
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Nine-point Circle, 116 

Order of an element, 26 
Orthocentre, 112 

Pedal Line, 119 
Pedal triangle, 112 

225 


Scanned by CamScanner 



226 An Excursion in Mathematics 


Index 


Permutation, 147 

Permutations with repetitions , 157 
Pigeonhole Principle, 163 
Polar form, 59 
Polynomial, 49 

Primitive root, 26 • 

Principle of Inclusion 
and Exclusion, 179 
Principle of Mathematical 
Induction, 1 
Induction 

Strong Form, 1 
Ptolemy’s Theorem, 63 
Ptolemy’s theorem, 121 
Pythagorean Triple, 33 

Reduced Residue System, 20 
Remainder Theorem, 50 
Representation of a 

positive integer, 34 
RMS-AM inequality, 72 
Root of a Polynomial, 50 

Similar Polygons, 93 
Simson Line, 119 
Stewart’s Theorem, 109 

Tchebycheff’s Inequality, 71 
Tower of Hanoi, 184 

Well Ordering Principle, 1 
Wilson’s theorem, 23 


Scanned by CamScanner 


